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ELDEN ELMANTO

In this lecture and the next, we will introduce an important notion in the theory of alge-
braic cobordism: quasi-smoothness. We will prove a “differential” characterization of quasi-
smoothness.

Proposition 0.0.1. Let f : X → Y be a morphism of derived schemes. Then f is quasi-
smooth if and only if it is locally of finite presentation and the cotangent complex LX/Y is of
tor-ampitude 6 1.

We will also prove a classification result for quasi-smooth enhancements of classical schemes,
this result is joint with Hoyois and Khan.

Theorem 0.0.2. Let S be a classical affine scheme. Let X0 be a classical, smooth S-scheme
which is furthermore affine . Suppose that X is a quasi-smooth derived scheme such that Xcl '
X0. Then there exists a locally free sheaf E on Xcl such that X fits into the following pullback
diagram of derived schemes

X Xcl

Xcl V(E).

Theorem 0.0.2 says that every derived enhancement on a smooth affine S-scheme comes from
the derived zero section of a vector bundle on Xcl. We note that we assert nothing about the
uniqueness about this E. This lets us classify derived enhancements of the point.

Corollary 0.0.3. Let k be a field. Then all derived enhancements of Spec k are of the form
Ω0A

n
k .

1. The Koszul complex as a derived scheme

Let R ∈ CAlg♥ and suppose that ~f = (f1, · · · fr) is a sequence of elements in R which may
or may not be a regular sequence. We can associate to this set-up its Koszul complex:

K•(R, f1, · · · , fr) = K•(~f) = (∧•(R⊕r), d) :

0→ ∧rR⊕r → ∧r−1R⊕r · · · → ∧2R⊕r → R⊕r → R

where the differential is given by

d : ∧j(R⊕r)→ ∧j−1(R⊕r) d(e1 ∧ · · · ∧ ej) =
∑

16i6j

(−1)i+1(fi)e1 ∧ · · · êi ∧ ej .

Let us observe some features of the Koszul complex:

(1) There is a natural cdga structure on K•(~f) given by concantenation of wedge powers:

(ei1 ∧ ei2 ∧ · · · eip) · (ej1 ∧ · · · ejq ) = ei1 ∧ eip ∧ ej1 ∧ · · · eeq .

(2) Suppose that ~f = (f) is monogenic, then K•(f) ' [R
f−→ R] in ModR. Furthermore for

a sequence ~f = (f1, · · · , fr) there is a canonical equivalence

L⊗
K•(fi) ' K•(~f).

1
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(3) Suppose that (g1, · · · , gm) generates the same as ideal as ~f , then there is a quasi-

isomorphism K•(~f) ' K•(~g).

(4) We can augment the Koszul complex by K•(~f)→ R/(f1, · · · , fn) such that the induced
map

H0(K•(~f)) ' R/(f1, · · · , fn).

These features suggest that the Koszul complex wants to be a derived enhancement of the
classical scheme Spec R/(f1, · · · fn).

Remark 1.0.1. Let us make the second point more precise. Suppose that we have a sequence

of elements ~f = (f1, · · · fr) in R generating an ideal I. Then one sees that the support of

the complex K•(R, ~f) contains the subset V(I) = Spec R/I as multiplication by any element
fi ∈ R is homotopic to zero [Stacks, Tag 0626]. Therefore for any g ∈ I, the endomorphism

g· : K•(~f) → K•(~f) is homotopic to zero. Now, suppose that g ∈ R then by [Stacks, Tag

0628] we have a cofiber sequence K•(~f)
·g−→ K•(~f) → K•((~f, g)). Therefore if g ∈ I then

K•(~f) ' K•((~f, g). Hence we may consider the case of the Koszul complexes associated to
~f = (f1, · · · , fr), ~g = (g1, · · · , gr); the equivalence is assured by [Stacks, Tag 0625].

Let us make this precise: the sequence ~f is classified by a map in CAlg, Z[T1, · · · ,Tr] →
R,Ti 7→ fi which we think of as a map of classical schemes f : Spec R → Ar

Z. Define the
Koszul-derived scheme of (f1, · · · , fn), which we denote as Vder(f1, · · · , fr) by the pullback
in derived schemes:

Vder(f1, · · · , fr) Spec R

Spec Z Ar
Z

f

0

In CAlg, this is given by the tensor product:

Z[T1, · · · ,Tr] R

Z R//(f1, · · · fr)

~f

Ti 7→0

0

Lemma 1.0.2. The underlying R-module of R//(f1, · · · fr) is exactly the complex K•(~f).

Proof. Observe that K•(f1)⊗L K•(f2)⊗L · · · ⊗L K•(fr) ' K•(~f), hence the result follows from
the equivalence of R-modules:

K•(f) ' cofib(R
f−→ R).

�

Since the Koszul complex only depends on the ideal we obtain:

Lemma 1.0.3. Let R ∈ CAlg♥, then Vder(f1, · · · , fr) only depends on the ideal generated by
f1, · · · fr. In particular, Vder(f1, · · · , fr)cl ∼= R/I where I is the ideal generated by f1, · · · , fr.

This derived scheme deserves to be called (Spec R/I)kder. Let us end this discussion with the
following example:

Example 1.0.4. Let R be a ring. Let us recall that a sequence (f1, · · · , fr) is a regular
sequence if for each i, fi is a nonzero divisor on R/(f1, · · · , fi−1). We recall that the notion of
being a regular sequence is invariant under ordering. In particular, if f is a not a zero-divisor

then (f) is a regular sequence. In this case K•(f) is acyclic since H1(K•(f)) = ker(R
f−→ R). By
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induction, one can show that if (f1, · · · fr) is a regular sequence then H>1(K•(~f)) = 0, whence

we K•(~f) ' R/(f1, · · · fr). This is an instance of the a derived structure on R/(f1, · · · fr) being
trivial.

With this, we define:

Definition 1.0.5. A closed immersion of derived schemes is a morphism of derived schemes
Z→ X such that the induced map on the classical locus

icl : Zcl → Xcl

is a closed immersion. We say that a closed immersion is a quasi-smooth if, Zariski-locally
on X, there is a morphism f : X→ An and a homotopy cartesian square

Z X

Spec Z An
Z

.

f

0

In other words a quasi-smooth closed immersion one which is Zariski-locally given by a
Koszul-derived subscheme. We can interpret Example 1.0.4 as saying that a closed immersion
of classical schemes is quasi-smooth if and only if it is a regular immersion.

Example 1.0.6. Suppose that R is a ring and f ∈ π0(R). How does the cotangent complex of
LR//f/R look like? Well, we have a pullback diagram of derived schemes

Vder(f) Spec R

Spec Z A1
Z

i

f ′ f

{0}

By the base change formula for cotangent complexes, we have that

Li ' f ′∗L0 ' (f ′)∗(x)/(x2)[1] ' (f ′)∗Z[1] ' (R//f)[1].

2. Lurie’s Hurewicz theorem

Suppose that X is derived scheme, and consider the morphism i : Xcl ↪→ X is a morphism.
We would like to be able to tell if this map is an equivalence, i.e., when a derived scheme
is actually classical. Recall that to any morphism of derived schemes, we can associate its
cotangent complex; in this case this is a complex

Li ∈ QCoh(Xcl).

In particular if i is an equivalence then the complex Li is acyclic. In this section, we discuss a
partial converse to this observation.

Recall the Hurewicz theorem from basic algebraic topology. Suppose that X is a (reasonable)
topological space, we have the Hurewicz map

hk : πk(X)→ Hk(X; Z),

with the following property: suppose that n > 2, and X is n-connective then hk is an isomor-
phism for k 6 n and is the abelianization map when n = 1. One way to think about this map
is present X as the geometric realization of a simplicial set X•. We can apply the free abelian
group functor, which we denote by Z, level-wise on X• to obtain a simplicial abelian group
Z[X•]. There is a canonical map of simplicial sets X• → Z[X•] which induces the Hurewicz
map on homotopy groups. In this sense, we can view the Hurewicz map as a kind of “higher
abelianization” of the space X and the Hurewicz theorem measures the extent to which the
abelianization Z[X•] is a good approximation of X•.
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In derived algebraic geometry, this perspective is used to answer the following question: when
is a derived scheme equivalent to its classical locus — it turns out that the difference is also
measured by a “linearization” which, in this case, is the cotangent complex.

Theorem 2.0.1. [Lurie’s Hurewicz theorem] Let f : R → S be a morphism of derived rings.
Then f is an equivalence if and only if (i) the induced map π0(R) → π0(S) is an isomorphism
of classical rings and LS/R vanishes.

Theorem 2.0.1 is extremely satisfying: derived algebraic geometry is nothing but classical
algebraic geometry plus the cotangent complex. To prove Theorem 2.0.1 we recall the following
construction.

• Suppose that f : A→ B is a morphism of rings. Just like the sheaf of differentials, the
cotangent complex classifies derivations and so the identity morphism

LB/A → LB/A

classifies a derivation d : B → B ⊕ LB/A which is a morphism of B-modules. There is
also the zero section morphism

B→ LB/A

and the derivation agrees with z when restricted along f : this is just the statement
that the derivatives of constants are zero. Therefore, there is a morphism of A-modules
cof(f)→ LB/A which defines a map of B-modules

hf : cof(f)⊗A B→ LB/A.

We call hf the Hurewicz map. The proof of Theorem 2.0.1 relies on the following estimate.

Lemma 2.0.2. Suppose that f : A→ B is a morphism of derived rings, then, for n > 1 if the
cofiber of f is n-connective, then the cofiber hf is (n+ 2)-connective.

Proof sketch. This Lemma illustrates some useful constructions in derived algebraic geometry
so let’s focus on that. Suppose that we have a homotopy class x ∈ πn−1(A) which we think of
as a map of spaces

Sn−1 → Aspc

then, by adjunction, we get a map

x : Sym∗Z(Z[n− 1])→ A.

This map can be used as a attaching map to attach an n-cell which is given by the expected
process, namely, take the pushout/tensor product in ModA:

Sym∗Z(Z[n− 1]) A

Z A//x.

x

As one can check, if x is the zero map, then A//0 ' Sym∗A(A[n]). Indeed, use that we have the
follow sequence of cocartesian diagrams in ModZ:

Z[n− 1] 0 A

0 Z[n] A[n].

Furthermore, if a morphism A → B is n-connective (for us this means that the cofiber is
n-connective) then B can be obtained from A by successively attaching cells of dimensions > n.

Let us now prove the claim in a special case. Suppose that A is a derived ring and x ∈ π0(A),
then we can consider attaching a 1-cell along x so that B = A//x; this is a special situation
of the Koszul derived situation we have seen above. Hence as an A-module, B is obtained as
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the cofiber A
x−→ A

f−→ B, whence the cofiber of A → B is just A[1] as an A-module which
is 1-connective. On the other hand, the cotangent complex of LB/A is equivalent to B[1] by
a previous computation and so the Hurewicz map is of the form B[1] → B[1] which one can
check to be an equivalence. In this case, the connectivity is actually∞ which definitely at least
1 + 2 = 3.

Now suppose that n > 1. Since base changing along A→ π0(A) does not change connectivity,
we can assume that A is discrete. By the discussion above, attaching an n-cell gives that
B ' Sym∗A(A[n]) since π>1A = 0. Therefore, the cofiber is the A-module ⊕i>0Symi

A(A[n])

which tensors along A → B to ⊕i>0Symi
B(B[n]). On the other hand, LB/A ' B[k] and the

Hurewicz map is of the form

h : ⊕i>0Symi
B(B[n])→ B[n].

The lowest term of the left hand side is B[n] and maps isomorphically to B[n] and the hence the
fiber is ⊕i>1Symi

B(B[n]). It suffices to compute the connectedness of Symi
B(B[n]). It turns out

that the Symi
B(B[n]) is n+2i−3-connective, whence the lowest Sym2

B(B[n]) is n+1-connective
and the claim is proved. �

Proof of Theorem 2.0.1. Suppose that f is not an equivalence, then the cofiber (which we write
as K) is a nonzero connective A-module for some A. Hence there exists a smallest n > 0
such that πn(K) 6= 0, whence πn(B⊗A K) 6= 0 from the assumption that π0(A) ∼= π0(B). From
Lemma 2.0.2 that the cofiber is (n+2)-connective, hence πn(LB/A) ∼= πn(B⊗AK) contradicting
the assumption on the cotangent complex.

�

From this we claim:

Proposition 2.0.3. Suppose that i : Z ↪→ X is a closed immersion of derived schemes. Then
i is quasi-smooth if and only if it is locally of finite presentation and the shifted contangent
complex LZ/X[−1] is a locally free OZ-module of finite rank.

Proof. We may assume that Z = Spec B→ X = Spec A induced by a morphism of derived rings
f : A→ B. In this case we have a surjection π0(f);π0(A)→ π0(B) and hence if K is the cofiber
we have that π0(K) = 0 and so the cofiber is 1-connective, hence hf is 3-connective whence the
Hurewicz map induces an isomorphism

π1(Lf ) ' π1(K⊗B A).

By assumption, π0(Lf [−1]) = π1(Lf ) is locally free π0(B)-module of finite rank, whence we
may pick generators which we suggestively denote by df1, · · · , dfn and thus defines element
f1, · · · , fn ∈ π1(A ⊗B K) by the isomorphism above. By Nakayama, since π0(A) → π0(B) is
a surjection, we can lift the fi’s to gi’s in π1(K) which generates it as a π0(A)-module. In
particular π0(A)/(gi) ∼= π0(B).

Therefore we are in the following situation: suppose that F is the fiber of ϕ : A→ B so that
F ' K[−1]. We have elements gi ∈ π0(F), whence elements in π0(A) such that they go to zero
in π0(B). We then have a morphism of derived rings g : A//(gi)→ B which is an isomorphism
on π0. Using the Hurewicz theorem it suffices to prove that Lg ' 0. But we have a sequence of
morphisms A→ A//(gi)→ B, from which we obtain the cofiber sequence of B-modules

LA//(gi)/A ⊗A//(gi) B→ Lf → Lg.

But the first map is an equivalence; note that it is an invertible morphism between free B-
modules of the same rank. �

2.1.
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Definition 2.1.1. We say that a morphism f : Y → X of derived schemes is smooth if Zariski
locally on Y it is of the following form: there is a Zariski cover {Ui → X} such that f−1(Ui) is
of the form

f−1(Ui)
p−→ An ×Ui → Ui,

where p is étale.

We have the following characterization of smooth morphisms whose proofs follow the results
in the classical setting; we say that a morphism of derived rings A → B is a nilimmersion
if π0(A) → π0(B) has nilpotent kernel. In particular, the canonical map A → π0(A) is a
nilimmersion.

Lemma 2.1.2. Suppose that f : Y → X is a morphism of derived schemes. The following are
equivalent:

(1) f has the right lifting property against nilimmersions and f is locally finitely presented.
(2) The cotangent complex Lf is the a locally free sheaf of finite rank.
(3) The cotangent complex is perfect of Tor-amplitude [0, 0].
(4) The morphism f is smooth.

Proof of Proposition 0.0.1. Suppose that f : Y → X is a morphism of derived schemes with Lf
of Tor-amplitude 6 1. To prove that f is quasi-smooth we may assume that both schemes are
affine and f corresponds to a morphism of derived rings f : A → B. Since B is locally finitely
presented as an A-algebra, π0(B) is finitely presented as an A-algebra. In this case, we may
choose a factorization

A→ A[T1, · · · ,Tn]
g−→ B

such that g is surjective on π0, i.e., it is a closed immersion of derived schemes. Now the mor-
phism A→ A[T1, · · ·Tn] is smooth, whence we need to prove that the morphsim A[T1, · · · ,Tn]→
B is a quasi-smooth closed immersion. Using Proposition 2.0.3, we need to prove that Lg[−1]
is locally free of finite rank. Consider the cofiber sequence:

LA[T1,··· ,Tn]/A ⊗A[T1,··· ,Tn] B→ LB/A → Lg.

We note that π0(Lg) = 0 since g is a closed immersion. Hence we need only prove that Lg is
of Tor-amplitude 6 1 but this is true since LA[T1,··· ,Tn]/A has Tor-amplitude 0 and LB/A has
Tor-amplitude 6 1 by assumption. �

2.2. Classification of derived enhancement. We now prove the following result about de-
rived enhancements. In fact, we only need that Xcl → X admits a retraction. To begin the
proof, we introduce an object which we will find make good use of throughout this course. Sup-
pose that X is a derived scheme. Then the theory of modules globalizes easily to the theory of
quasicoherent sheaves1:

QCoh(X) := lim
SpecA→X

ModA.

Suppose that E ∈ QCoh(X), define the following derived stack2

V(E∨) : (u : Spec A→ X) 7→ MapsModA
(u∗(E),A).

We usually call this the bundle of cosections. This derived stack comes equipped with a
canonical map pE : V(E)→ X. We have the canonical zero map E→ OX which defines a map
X→ V(E) called the zero cosection.

Theorem 2.2.1. Suppose that E ∈ QCoh(X) is locally free. Then (1) V(E∨) is a derived
scheme, the morphism pE is smooth and (3) the pullback along z : X→ V(E∨) gives z∗(LpE) '
E.

Remark 2.2.2. Theorem 2.2.1 is due to Töen and Vaquié where they prove the following more
general statements:

1We have already used this ∞-category implicitly at various points in the course
2Descent follows easily from the way mapping spaces are computed.
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(1) If E is a perfect complex, then V(E∨) is a derived Artin stack.
(2) The pullback along the zero section always gives E therefore if E has Tor-amplitude

[−∞, 0] we have that p∗EE ' p∗Ez
∗(LpE)'LpE

has Tor-amplitude [−∞, 0]; this is the

correction notion for the morphism pE to be smooth (but with “stackiness”)
(3) However, for V(E∨) to be a scheme as well, we need that LpE to have Tor-amplitude

[0,+∞] and so E is forced to be locally free.

Definition 2.2.3. Suppose that E→ X is a locally free sheaf of finite rank or, more generally,
a perfect complex of Tor-amplitude [−∞, 0]. We write X(E) to be the derived scheme obtained
as the pullback

X(E) X

X V(E∨).

z

z

Example 2.2.4. Let O(n) be the usual bundles on P1. Then P1(O(n)) is usually denoted by
P1(n). This is a zero dimensional derived structure on P1. We will see later that they define
the class in n in the zero-th derive algebraic cobordism group.

Proof of Theorem 0.0.2. To start, identify Xcl ' X0, whence we have a canonical map mor-
phism X0 → X. We have a retraction map r : X → X0. Indeed this is because since X0 is
classically smooth over S (hence derived smooth), and the morphism X0 ↪→ X is a nilimmersion
(whence we can use Lemma 2.1.2). As a result we have a sequence of morphisms

X0 ↪→ X
r−→ X0,

whose composite is the identity. From this, we learn that

Li ' Lr[1].

Now, in general if we have a morphism of quasi-smooth (over a base S) derived schemes, then
the cotangent complex of said morphism must have Tor-amplitude at most 6 2 by examining
the usual localization sequence. In particular Li and Lr has Tor-amplitude at most 6 2 and
thus, from the equivalence above, Lr must have Tor-amplitude 6 1. But then X0 → X is
closed immersion of derived schemes, hence it must have Tor-amplitude [1, 1], i.e., we have an
equivalence

Lr ' E′[1]

where E′ is a projective module (i.e., a locally free sheaf) on X. Now, since X0 and X are affine
schemes and r is a closed immersion of derived schemes, we can find E which is a locally free
sheaf on X0 such that

E′ ' r∗E.

Indeed, this follows from the fact that we can E′ is projective and so we can lift free modules
and idempotents.

Next, let us construct a new section of E: let K be the cofiber of OX0 → r∗OX. We have a
commutative diagram

E r∗r
∗(E) ' r∗Lr[−1]

K[−1]

,
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where the vertical morphism is adjoint to the Hurewicz map. Now the map K[−1]→ r∗Lr[−1]
is a surjection on π0 by Lemma 2.0.2, hence there exists a lift of the form:

(2.2.5)

E r∗r
∗(E) ' r∗Lr[−1]

K[−1]

,

We then get a section s : E → K[−1] → OX0 . We note that s is non-canonically homotopic to
the zero section (which can be seen by further composing with r∗OX → OX0).

Now consider the diagram where the square is a derived pullback

X

X(E) X0

X0 V(E∨).

c r

r

π2

π1 s

z

We claim that the canonical map c is an equivalence. Indeed it is an isomorphism on underlying
classical schemes, hence it suffices to prove that the cotangent complex vanishes. However we
have a morphsim

c∗Lπ1
→ Lr → Lc.

The first morphism takes the form

c∗Lπ1 ' c∗π∗2Ls ' c∗π∗2E[1] ' r∗E[1] ' E′[1]→ Lr,

and is an isomorphism since it identifies with r∗ of the top of s.
�

3. Exercises: more on virtual dimension

Suppose that Z ↪→ X is a quasi-smooth closed immersion of derived schemes. The virtual
codimension at a point z ∈ Z in X is defined in the following way: by Proposition 0.0.1,
there is a Zariski open U = Spec R ⊂ X containing z such that (U ∩ Z) ∼= Spec R//(f1, · · · , fn).
Define

virt.codimz(Z,X) := n.

Furthermore define the virtual codimension of Z in X as

virt.codim(Z,X) = infz∈Zvirt.codimz(Z,X).

Exercise 3.0.1. Prove that codimension is stable under derived base change: let Z ↪→ X be
a quasi-smooth closed immersion, and let f : Y → X be a morphism of derived schemes then
prove that

virt.codim(Y ×X Z,Y) = virt.codim(Z,X).

Conclude that virtual codimension is independent of choices.

Exercise 3.0.2. Suppose that Z ↪→ X is a quasi-smooth closed immersion. By the lecture,
NZ/X is a discrete locally free sheaf of finite rank. Prove that

virt.codim(Z,X) = rankOZ
NZ/X.

We write top.codim(Z,X) for the usual codimension of a closed subscheme Z ⊂ X.

Exercise 3.0.3. Suppose that A is a noetherian derived ring and let Z ↪→ Spec A be a quasi-
smooth closed immersion. Use the classical Krull’s principal ideal theorem to prove the following

codim(Z,X) 6 virt.codim(Z,X).
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