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1. Introduction

My research focuses on solving problems in algebra and algebraic geometry by using techniques, and
drawing inspiration from algebraic topology. I also have a growing interest in arithmetic geometry, specif-
ically in p-adic Hodge theory. A central theme in my research is the search for a deeper structural
understanding of cohomological invariants of algebraic varieties with a view towards new com-
putational tools and concrete geometric consequences. For the most part, my research involves
mathematics born from the solution of the Quillen-Lichtenbaum conjectures [Lic73], now settled
by work of Rost-Voevodsky [Voe11, Voe03, HW19], relating Riemann’s zeta function to higher algebraic
K-groups. I will now give a broad overview of my mathematics to a general audience.

A cohomology theory for algebraic varieties is a contravariant functor from smooth varieties (or smooth
schemes) over a base field (or Dedekind ring) k to graded (or bigraded) abelian groups: F∗ : Smop

k → Ab∗,
usually required to satisfy certain properties like:

(1) the projection X×A1 → X induces an isomorphism F∗(X×A1) ∼= F∗(X) (called A1-invariance);
(2) if X is a union of two open subvarieties U,V, then we have a long exact sequence

· · ·F∗(X)→ F∗(U)⊕ F∗(V)→ F∗(U ∩V)→ F∗−1(X) · · · ;

(called Mayer-Vietoris).

One prominent example is algebraic K-theory:

X 7→ K∗(X),

a subtle invariant which is the culmination of the work of many mathematicians, especially Quillen [Qui73]
and Thomason [TT90], and is computed as the homotopy groups of a space:

πjK(X) = Kj(X).

The group K0 is classical and is pervasive throughout mathematics. In our case, it coincides with the
Grothendieck group of vector bundles on X. The higher K-groups are extremely difficult to compute in
general but store a great amount of information on X that one wants to try and tease out.

Arguably the most important tool for doing this is the motivic spectral sequence1:

(1.0.1) Ep,q2 = Hp−q(X;Z(−q))⇒ K−p−q(X).

Here, the E2-page consists of Voevodsky’s motivic cohomology groups which are bigraded cohomology
theories associated to a smooth variety X containing concrete, rich geometric information. For example
when p = 2q they coincide with the group of algebraic cycles of codimension q on X modulo rational
equivalences, i.e., the Chow groups [Voe02b]. In this light, one can view (1.0.1) as a massive generaliza-
tion of Grothendieck’s Riemann-Roch theorem: for a smooth quasiprojective variety X we have an
isomorphism:

K0(X)Q
'−→ CH∗(X)Q.

The above isomorphism follows from the collapse of the spectral sequence (1.0.1) after rationalizing
(which uses standard but nontrivial arguments with Adams operations) and the identification of motivic
cohomology with Chow groups in the p = 2q range.

The construction of the spectral sequence (1.0.1) is extremely difficult and has an “awkward history”
[Wei13, Historical Remark 4.4]. It began with work of Bloch and Lichtenbaum for the case of X = Spec F

1One should think of a spectral sequence as a more complicated version of long exact sequences. Here I
am displaying the individual groups as the E2-page but I do not indicate how they are connected together.
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where F is a field [LB] in the 90’s, which turned out to have a gap. This was only later rectified by
the extensive and technically demanding work of Levine [Lev01, Lev06, Lev08]. It was expanded by
Friedlander-Suslin [FS02] for general X.

My contribution to the subject sheds new light on this spectral sequence and, in fact, gives conceptual
reproofs of some the most crucial steps in its construction via motivic infinite loop space theory.
This last theory, developed across several joint papers [EHK+19, EHK+20a, EHK+20b, BEH+21, EK20],
completes a picture that Voevodsky had envisioned for the cohomology theory of varieties within his
framework of motivic stable homotopy theory, discovered more than twenty years ago. Our work
was explained by Levine in his memorial article for Voevodsky [Lev18]. Our theory reveals certain
hidden “continuous properties” within the motivic spectral sequence; while the terms involve abelian
groups arising from from cohomology theories, they are in fact very much controlled by the birational
geometry of Hilbert schemes. I state a meta-theorem to this effect, discovered in joint work with
Bachmann [BE21]. (our real contribution are points (2)-(4)):

Meta-Theorem 1.0.2 (Voevodsky, Bachmann-E.). There exists an exhaustive, multiplicative space-level
filtration on the K-theory space of a smooth quasiprojective k-scheme X

· · ·Fil>j+1K(X)→ Fil>jK(X)→ Fil>j−1K(X)→ · · · → F>0K(X),

such that

(1) its associated graded (obtained by taking mapping cones)

grjK(X) := Fil>j+1K(X)/Fil>jK(X)

is determined, via “motivic Bott periodicity”, by gr0K(X);
(2) the 0-th layer gr0K(X) is equivalent, in a precise way, to a certain Hilbert scheme of (local

complete intersection) points of the ind-scheme A∞ ×X denoted by Hilblci(A∞,X);

(3) there is a “degree map” Hilblci(A∞,X)→ td∈ZX which is a “fiberwise” birational equivalence;
(4) (1)-(3) determines the spectral sequence (1.0.1): its E2 page and convergence properties.

To give the reader a better sense of the power of the spectral sequence (1.0.1), I note that it was key
in Rost-Voevodsky’s solution of the Quillen-Lichtenbaum conjectures; I state a special case:

Theorem 1.0.3 (Quillen-Lichtenbaum conjecture; Rost-Voevodsky). Denote by ζ(s) Riemann’s zeta
function which is a function of a complex variable s. Let k > 1, then we have the following equality:

(1.0.4) #K4k−2(Z)
#K4k−1(Z) = (−1)k

2 ζ(1− 2k),

where # indicates the size of a finite abelian group.

Theorem 1.0.3, which has variants for other number rings, provides a K-theoretic interpretation of
Riemann’s zeta function and places algebraic K-theory at the heart of many central questions in number
theory and arithmetic geometry. The proof of Theorem 1.0.3 goes by way of a cohomological reinterpre-
tation of the right-hand-side in terms of the E2-page of (1.0.1). This last step is was Voevodsky’s Fields
medal work and involves understanding certain local-to-global properties of motivic cohomology, i.e., of
descent which amplifies to K-theory.

In fact, the Quillen-Lichtenbaum conjecture is ultimately about unexpected descent properties of alge-
braic K-theory. While work of Thomason [TT90] proves Mayer-Vietoris for it, the Quillen-Lichtenbaum
conjecture predicts that (and is essentially equivalent to), in a high enough degree, algebraic K-theory
also enjoys descent along Galois extensions. The catchy title “algebraic K-theory eventually surjects
onto topological K-theory” [DFST82] encapsulates this: algebraic K-theory classes of a complex va-
riety eventually comes from a more tractable, topological counterpart to the theory. Another aspect of
my work explores this theme:

Meta-Theorem 1.0.5 (Bachmann-E.-Østvær). A general cohomology theory representable in Voevod-
sky’s stable motivic homotopy category eventually satisfies étale descent.

A version of this was proved during my PhD, joint with Marc Levine, Markus Spitzweck and Paul
Arne Østvær [ELSØ17] and a vast generalization of this was obtained more recently with Bachmann
and Østvær [BEØ19]. These theorems vastly generalize Thomason’s seminal work [Tho85] and partially
addresses one of Voevodsky’s remaining main conjectures on the subject [Voe02a, Conjecture 13].
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Figure 1. Pontraygin-Thom construction producing, a map of spheres from a framed manifold.

Most of my current mathematical effort lies with removing the smoothness assumptions of Meta-
theorem 1.0.2, in a joint project with Matthew Morrow. In doing so, I turn to the world of arithmetic
geometry and p-adic Hodge theory where analogues of Voevodsky’s motivic cohomology groups have been
studied, by Bhatt-Morrow-Scholze [BMS18, BMS19], to spectacular effect.

In the next few sections, I will elaborate more on completed projects and present and future work with
a general algebraic topology and algebraic geometry audience in mind.

2. Algebraic cobordism, Hilbert schemes and derived algebraic geometry

This section presents joint work with a subset of Tom Bachmann, Marc Hoyois, Ryomei Iwasa, Adeel A.
Kahn, Vladimir Sosnilo, and Maria Yakerson and the papers [EHK+19, EHK+20a, EHK+20b, BEH+21,
EK20, BE21]. I will begin by discussing the following result, which can be viewed as a version of “space-
level” Pontryagin-Thom theory in algebraic geometry:

Theorem 2.0.1. [EHK+20b, BEH+21] Over a field k, we have a canonical map

Hilblci(A∞)× Z→ Ω∞P1MGL,

which induces an equivalence on motivic cohomology.

The left-hand-side is a certain ind-scheme. It is the colimit of lci Hilbert schemes, Hilblci
d (An),

which is the subscheme of the Hilbert scheme of degree d-points in n-space, Hilbd(An), consisting of
those points which are local complete intersections (lci). It turns out that, in contrast to the full Hilbert

scheme, Hilblci
d (An) is smooth. The reader is encouraged to think of Hilblci

d (An) as a certain moduli
space of points moving in affine space in algebraic geometry. The Hilbert schemes themselves have rich
and deep connections with various other subjects such as representation theory, combinatorics and knot
theory. The right-hand-side requires a little more explanation.

The starting point goes way back to the geometric origins of modern stable homotopy theory. Via
the eponymous Pontraygin-Thom construction (Figure 1.), Pontryagin and Thom identified the stable
homotopy groups of spheres with cobordism classes of framed manifolds [Tho54]. Also in this tradition is
the work of Quillen which sought to understand the cohomology theory of complex cobordism MU∗ in
geometric terms [Qui71]. He understood the assignment X 7→ MU∗(X) as a presheaf on manifolds, hence
encouraging us to think of bordism classes of almost complex manifolds in families as a cohomology
theory. We are led to the following scholium.

Scholium 2.0.2. Certain cohomology theories parameterize the set of families of manifolds up to bordism.

The above scholium is one motivation for the study of generalized cohomology theories. However, it
is rather unsatisfactory. We have learned that classification problems (such as manifolds up to bordism)
should not be viewed as the study of a set but, rather, a space, i.e., a moduli space. From this viewpoint,
it is natural that we view cohomology theories via their representing spaces (produced via Brown’s
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representability theorem) which assemble into the homotopy theorists’ spectra. Roughly, they are a
sequence of pointed spaces {Ei}i∈N with bonding maps Ei → ΩEi+1 such that the functor X 7→ [X,Ei]
represents a generalized cohomology theory in the sense of Eilenberg-Steenrod. A spectrum is really a
(higher) algebraic gadget — it determines and, in some cases (when they are connective), is determined
by its infinite loop space

(2.0.3) Ω∞E := colim ΩiEi;

here the transition maps in the colimit are the bonding maps. This modular perspective on cohomology
theories, or better, on spectra have turned out to be fruitful. One example is Madsen and Weiss’ proof of
the celebrated Mumford conjecture which predicts that the rational cohomology of the moduli space of
Riemann surfaces stabilize as the genus grows. In [MW07] they did this by identifying the cohomology of
the stabilized moduli space of Riemann surfaces with that of the infinite loop space of a certain spectrum
whose cohomology turns out to be computable; this leads to a revision:

Scholium 2.0.4. Certain infinite loop spaces, coming from spectra, parametrize spaces of geometric
objects.

Moduli spaces lie at the heart of algebraic geometry. We believe Theorem 2.0.1 is the first theorem
fitting this scholium within the context of algebraic geometry: it shows that a certain moduli space of
points is equivalent to a motivic infinite loop space. This last gadget belongs to Morel-Voevodsky’s
homotopy theory of varieties called A1-homotopy theory (also called motivic homotopy theory).
MGL is a motivic spectrum, which is the algebro-geometric analog of a spectrum; it plays the role of
MU in this theory. The functor Ω∞P1 extracts a motivic infinite loop space out of a motivic spectrum, in
analogy with (2.0.3). As the notation suggests, the correct analog of loop spaces in this context involves
maps, up to “A1-homotopies” in a suitable sense, out of the pointed projective line (P1,∞).

Theorem 2.0.1 is a culmination of a thorough investigation of motivic infinite loop spaces. Since the
conception of motivic homotopy theory, it had been sought after by Voevodsky who laid the groundwork
for it in his unpublished note [Voe01]. Greatly expanding on this note, the seminal work of Garkusha,
Panin, Ananyevskiy, and Neshitov [GP18b, GP18a, AGP18, GNP18] gives an explicit computation of
mapping spaces of motivic spectra. We built on their results and proved the following theorem which is
an analog in motivic homotopy theory of the recognition principle2 in topology.

Theorem 2.0.5. [EHK+19] Let k be a perfect field, then the data of a (very effective3) motivic spectrum
is determined by

(1) an A1-invariant sheaf (in the Nisnevich topology) of spaces on smooth k-varieties: X 7→ E(X);
(2) for a finite, flat local complete intersection morphism (syntomic) f : Z → X of smooth schemes

with a virtual trivialization α of its cotangent complex, a “transfer/wrong way map”:

(f, α)∗ : E(Z)→ E(X);

(3) a coherent system of compatibilities between (f, α)∗ and the presheaf structure on E(X).

To readers familiar with Voevodsky’s approach to motivic cohomology, Theorem 2.0.5 is a variation
on the theme that transfers constitute an important and intrinsic structure on cohomology theories.

I present a sampler of applications of Theorem 2.0.5. First is a motivic analog of Grothendieck’s
“équivalence remarquable de catégories” [Gro67, Théorème 18.1.2] which implies that étale cohomology
is invariant under universal homeomorphisms (such as the Frobenius morphism of characteristic p > 0
rings).

Theorem 2.0.6. [EK20] If f : X→ Y is a universal homeomorphism of schemes, then for any cohomol-
ogy theory E represented by a motivic spectrum, the functor f∗ : E∗,∗(Y) → E∗,∗(X) is an isomorphism
after inverting residual characteristics.

Another is a coherence result for motivic fundamental classes of [DJK18], which nowadays plays an
important role in refined enumerative geometry of Kass-Wickelgren and Levine [KW19, Lev20].

2In topology the recognition principle is usually stated via the language of operads as in May’s treat-
ment [May72], but our results is closer to Segal’s approach via his theory of Γ-spaces [Seg74].

3This notion is the correct analog of connective.
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Theorem 2.0.7. [EHK+20a] The motivic fundamental classes of [DJK18] associated to a finite flat local
complete intersection f : Z → X and a trivialization of the cotangent complex of f are suitably coherent,
that is, they satisfy base change with pullback up to coherent homotopies.

Lastly, as already discussed in the introduction, Theorem 2.0.1 leads to a new, short and conceptual
proof of Voevodsky’s slice conjectures [BE21].

2.1. Future work I: moduli of derived schemes. At heart, Theorem 2.0.1 utilizes the techniques of
derived algebraic geometry to solve transversality issues in algebro-geometric cobordisms. There are
variants of this result where derived schemes play a more prominent role: if X is a scheme and β ∈ K0(X)
is a K-theory class then one can form a motivic Thom spectrum Mβ in analogy with topology. If β
is of virtual rank n > 0 we proved in [EHK+20b] that Ω∞P1 of such Thom spectra parametrize the moduli
stack of quasismooth derived schemes “with a β-structure” of virtual dimension −n. This is the algebro-
geometric version of the following computation of Galatius, Madsen, Tillmann, and Weiss in topology
[GMTW09]: given a morphism of spaces β : B→ BO, the infinite loop space of the Thom spectrum Mβ
is the cobordism space of zero-dimensional compact smooth manifolds with β-structured stable normal
bundle

Derived schemes of negative virtual dimension are, “physically,” points. Hence the deepest geometric
phenomena lie within Thom spectra of virtual vector bundles with negative virtual rank. These infinite
loop spaces should have a relationship with moduli stacks of derived schemes of positive dimension, and
thus makes contact with the moduli stacks of varieties that have been studied in classical algebraic
geometry. In topology, Madsen and Weiss’ proof of the Mumford conjecture boils down to a identifying
the stablized moduli space of curves in terms of the Thom spectrum of −γ2, where γ2 is the universal
(real) rank 2 bundle.

In joint work with Iwasa I have made partial progress towards the following conjecture, in the spirit
of Scholium 2.0.4:

Conjecture 2.1.1. Let k be a field, then for all n 6 0 there is a A1-equivalence:

Ω∞P1Σ−2n,−nMGL ' PQSmn

where PQSmn is the moduli stack of projective, quasi-smooth derived schemes of virtual dimension n and
Ω∞P1Σ−2n,−nMGL is the infinite loop space representing degree (−2n,−n) MGL-cohomology.

This conjecture can be viewed as a full-fledged Pontryagin-Thom theory in algebraic geometry. So far
Iwasa and I have been able to prove this equivalence after further modifying the right-hand-side to satisfy
a projective bundle formula. It is a consequence of our theory of sheaves with projective transfers a
variant on Voevodsky’s theory with finite transfers. My long term goal is to lift the theorem of Madsen
and Weiss (and, more generally, theorems of Galatius, Madsen, Tillman and Weiss [GMTW09]) to the
algebro-geometric setting:

Goal 2.1.2. Over any field k, express the motivic homotopy type of the moduli stack of marked curves
tn,gMn,g as motivic infinite loop space of the Thom spectrum M(−γ1) where γ1 is the universal line
bundle over P∞

Goal (2.1.2) would reprove and enhance the Madsen-Weiss theorem. For starters, it would make the
original result true over any field and thus render it sensitive to Galois actions. It would also show that
their equivalence is “universal” in that it holds for any cohomology theory.

2.2. Future work II: Hopkins’ Wilson space hypothesis. Conjecture 2.1.1 is also motivated by the
following conjecture, dubbed the Wilson space hypothesis, which has driven the field in recent years:

Conjecture 2.2.1 (M. Hopkins). The Voevodsky motive of the infinite loop spaces, Ω∞P1Σ2n,nMGL, is a
pure Tate motive for all n ∈ Z.

In topology, this conjecture was a theorem of Steve Wilson. By unpublished work of Asok, Fasel, and
Hopkins, the Wilson space hypothesis (over C) has the following striking consequence: every topological
vector bundle on a smooth affine cellular complex variety has a unique algebraic structure. An evidence for
this conjecture was given by Hill and Hopkins who established the analogue in C2-equivariant homotopy
theory [HH18]. The case of n = 0 is potentially accessible via Theorem 2.0.1 by understanding the
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geometry of the lci Hilbert schemes via the techniques of Bialynicki-Birula decompositions; this has been
achieved in low degrees 6 3 by work of [HJN+20].

3. Descent in cohomology theories

Another focus in my research has concerned local-to-global principles, i.e., descent. Experience tells
us that values of cohomology theories are computed locally and then extended globally by “gluing” as
captured by various Mayer-Vietoris style long exact sequences. I have worked on various projects on
descent properties for cohomology theories in algebraic geometry.

3.1. Étale descent for motivic cohomology theories. Starting with Thomason in [Tho85], it is
known that inverting a certain “Bott element” in algebraic K-theory results in étale descent. This was a
crucial step in the community’s understanding of the Quillen-Lichtenbaum conjectures then — it implies
that these special values of ζ functions were computed via Bott-inverted K-theory and the task is then
to relate K-theory with its Bott-inverted counterpart. This perspective takes a life on its own: many
cohomology theories should satisfy étale descent “eventually” as made formal by the process of Bott-
inversion. Thomason’s result was extended to algebraic cobordism in joint work with Levine, Spitzweck
and Østvær [ELSØ17] when I was a PhD student:

Theorem 3.1.1. [ELSØ17] Let X be a noetherian scheme of finite dimension with a uniform bound on

cohomological dimension of its residue fields. Let MGLét be étale sheafification of MGL. Then, after
p-completion where p is invertible in X, there is a canonical isomorphism

M̂GLp(X)[τ−1] ' M̂GLét
p(X),

where τ is a certain canonical defined element in the homotopy groups of M̂GLp.

More recently, with Østvær and Bachmann, I improved the result above by proving a similar result
for the motivic sphere spectrum S (and thus all motivic spectra), under less restrictive hypotheses.

Theorem 3.1.2. [BEØ19] Let X be a noetherian finite dimensional base scheme and let p prime which is
invertible in X such that the virtual cohomological dimension is uniformly bounded for all its residue fields
Then, after p-completion and ρ-completion, where p is invertible in X, there is a canonical isomorphism

Ŝp(X)[τ−1] ' Ŝét
p(X),

where τ is a certain canonical defined element in the homotopy groups of Ŝp.

The secret sauce is process of ρ-completion, where ρ is a certain canonical element in the homotopy
of the motivic sphere. This turns out to be harmless in practice but has a big payoff. For example, it
led us to a version of Voevodsky’s conjecture [Voe02c, Conjecture 13] concerning the convergence of the
slice spectral sequence for fields of finite virtual cohomological dimension which was instrumental in the
proof of the above theorem.

3.2. b-descent for motivic cohomology theories. The b-topology, introduced by Scheiderer, is a
Grothendieck topology relevant for schemes over ordered fields [Sch94]. Its category of sheaves amalga-
mate together the étale and real étale topology of said schemes, and enjoys excellent formal properties.
In a precise sense it is the “vanishing cycles” term interpolating between the étale cohomology of XC
and the real étale cohomology of XR. In joint work with Shah, I addressed the problem of understanding
motivic spectra in the b-topology by proving a rigidity theorem in the style of [Ayo14, CD16, Bac18].

Theorem 3.2.1. [ES21] If k is real closed field, then there is an equivalence of ∞-categories:

SHb(k)prof ' SptC2

prof ,

where 1) SHb(k) denote motivic spectra in the b-topology, 2) SptC2 denote (genuine) C2-equivariant
spectra (modeled by Spectral Mackey functors as in [Bar17]) and 3) prof indicate the full subcategories of
profinitely-completed objects.
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This equivalence persists for suitable schemes, in place of Spec k where the right-hand-side is replaced
with a category “parametrized C2-spectra” which we constructed by topos-theoretic methods. Two novel
aspects of Theorem 3.2.1: 1) we identify the C2-Tate construction in equivariant homotopy theory purely
algebro-geometrically and 2) the right notion of rigidity for b-motivic spectra turns out to involve genuine
C2-equivariant homotopy theory as opposed to just spectra or complexes which made the problem
more subtle.

3.3. Excision in motivic homotopy theory. A cartesian diagram of schemes

X′ X

Y′ Y.

p

k

where p is an affine morphism and k is a closed immersion is called a Milnor square. If F is an an
invariant of schemes, say valued in spectra or chain complexes, then we say that F has Milnor-excision
if it takes the square above to a cartesian square. This property has proved useful in recent years. For
example, a pro-version of Milnor excision was one crucial step in proving Weibel’s conjecture on negative
K-theory [KST17, LT19].

A mechanism to prove Milnor excision was given by Bhatt and Mathew using their arc topology
[BM18]. In joint work with Hoyois, Iwasa and Kelly, we formulated a different framework to address the
problem of Milnor excision for motivic spectra. These do not necessarily satisfy arc descent. We proved:

Theorem 3.3.1. [EHIK21, EHIK20] Any cohomology theory represented in the stable motivic category
satisfies Milnor excision.

Theorem 3.3.1 is, the first theorem of its kind for a general motivic spectrum which is not homotopy
K-theory or étale cohomology. For example, one can plug in the motivic cohomology spectrum and get
excision result for the Chow groups of algebraic cycles. En route to proving Theorem 3.3.1 we discovered a
new Grothendieck topology called the cdarc topology. Though strictly not necessary for Theorem 3.3.1,
this will feature more in some of my future projects (see Section 4.3).

3.4. Future work I: Real algebraic cycles and C2-equivariant homotopy theory. This is a joint
project with Jay Shah, building on my earlier work with Shah [ES21] which was preparatory for this
project. It starts with the premise that the study of algebraic cycles is very difficult and one relies
on “topological realization” instead of a direct approach. In this spirt, the Hodge conjecture asks
that the cycle class map from rational Chow groups to the Hodge cycles Hk,k(X) ⊂ H2k(X;C) on a
smooth projective complex variety X is surjective. There is a variant of this called the integral Hodge
conjecture (IHC) which states that for a smooth projective complex variety X, the cycle class map
from Chow groups to integral Hodge cycles

CHk(X)→ Hk,k(X;Z) = Hk,k(X) ∩H2k(X;Z)

is surjective. While this is true for k = 1 and zero cycles it was already known to Atiyah and Hirzerbruch
[AH62] to be false. However, various cases of the integral Hodge conjecture turned out to be true,
notably for curve classes for various varieties [Voi06, Tot19, HV11]. One perspective on the IHC is that
its failure obstructs rationality and is, in principle, easier to falsify than the rationality itself (though for
the infamous problem of the irrationality of the cubic 4-fold the IHC was proved positive [Per20, Voi07]).

Shah and I are proposing an R-analog of the integral Hodge conjecture as a lens to study the geometry
of R-varieties. This refines earlier proposal of Benoist and Wittenberg [BW20a, BW20b], and, en route,
refines some constructions of [HWXZ19] concerning “quadratic cycle class maps.” Relying on techniques
from our earlier work [ES21], we have constructed a cycle class map of the form:

(3.4.1) c̃yc
k
X,L : C̃H

k
(X)→ H2k

C2
(X(C),Burn⊗ Skσ).

Here, the domain is Barge and Morel’s Chow-Witt group [BM00] whose elements are cycles are
equipped with quadratic forms. This refinement of Chow groups is most interesting for fields which
are not algebraically closed and is sensitive to arithmetic information of residue fields. It is the home for
“refined enumerative geometry” as studied by Wickelgren-Kass and Levine [KW19, Lev20]. The target is
Bredon-style equivariant cohomology valued in the Burnside Mackey functor. An additional feature
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of this set-up is that we can twist the Chow-Witt groups by line bundle L on X and the Burnside co-
homology groups with the corresponding C2-equivariant local system σL to get a twisted version of the
cycle class map:

(3.4.2) c̃yc
k
X : C̃H

k
(X;L)→ H2k

C2
(X(C),Burn⊗ Skσ ⊗ σL).

Conjecture 3.4.3 (The Real integral Hodge conjecture (RIHC)). Let X be a smooth, projective R-

variety, then the sum Chow-Witt cycle class map
⊕

L∈Pic(X)/2 c̃yc
k
X,L is surjective onto “real Hodge cycles”

in Burnside cohomology.

Our first major goal is to refine Totaro’s construction [Tot97] to this context. The replacement for
complex bordism turns out to be the Real special unitary bordism spectrum MSUR, a genuine
C2-equivariant spectrum which is a refinement of the usual special unitary bordism spectrum MSU.

Goal 3.4.4. For a smooth projective R-variety X, construct a functorial map

C̃H
k
(X;L)→ MSUR

2k,k(X(C);σL)⊗MSU∗,∗
R

Burn,

which factors (3.4.2), and is compatible with Totaro’s obstruction on complex points. Use this to obtain
obstructions to the Real integral Hodge conjecture.

3.5. Future work II: vector bundles over real algebraic varieties. We now specialize the above
story to k = dim(X) — the story of Chow-Witt zero cycles to illustrate the promise of the philosophy
above with some more concrete examples. The following is an old question, first posed in [BS99] by
Bhatwadekar and Sridharan:

Question 3.5.1. Let X be a smooth affine R-variety over the real numbers and E be a vector bundle
over X with vanishing top algebraic Chern class. When does E split off a trivial rank one summand?

Recall that in topology, the vanishing of top chern class of a vector bundle is sufficient to ensure such
a splitting. Over an algebraically closed field the analogous result was proved by Murthy [Mur94]. On
the other hand the vanishing of the top algebraic Chern class is not sufficient over the real numbers by
considering tangent bundle of even dimensional spheres. In [BDM06], the authors gave some answers to
Question 3.5.1. We improve on their results using homotopy theoretic means, in upcoming joint work
with Asok. I will give the simplest formulation of the kind of result we can prove:

Quasi-Theorem 3.5.2 (Asok-E.). Let X be a smooth affine R-scheme of A1-homotopy dimension d,
E a vector bundle over X of dimension d and vanishing top algebraic Chern class. Assume that all the
connected components of the manifold X(R) are non-compact then E splits off a trivial rank 1 summand.

Theorem 3.5.2 is a generalization of point 1. of [BDM06, Theorem] and is proved by an entirely
different method which is homotopical in nature and is more conceptual; we have also improved the
other two points of this theorem. This is compelling evidence that these more refined picture, involving
quadratic forms, produce “correct results” over the real numbers. We are currently working on further
improving the results as well as using Chow-Witt zero cycles to improve other known results of the same
flavor for smooth affine R-varieties like those concerning unimodular rows [DTZ18].

4. Trace methods and topological cyclic homology (TC)

A perspective in algebraic K-theory, complementary to one from motivic homotopy theory, comes
from trace methods. The idea is to access the values of K(X) via “chern characters” going into
more computable theories. The earliest such was constructed by Dennis and takes the form K∗(X) →
HH∗(X) where HH∗ is the Hochschild homology of X. A revolution in the subject occurred when
Bökstedt-Hsiang-Madsen constructed the cyclotomic trace [BHM93] K(X) → TC(X) landing in the
more sophisticated topological cyclic homology. The latter is much more computable and the fiber
of the cyclotomic trace can be understood via the work of Dundas-Goodwillie-McCarthy[Goo86, Dun97,
McC97, DGM13].



RESEARCH STATEMENT 9

4.1. No-go-result for “homotopy TC”. I addressed the natural question of what the A1-invariantization
of TC is, i.e., “homotopy TC”. Unlike Weibel’s homotopy K-theory, which is still a very interesting in-
variant of schemes and agrees with K-theory on smooth schemes, I was able to prove that this invariant
is always zero in characteristic p and purely rational integrally

Theorem 4.1.1. [Elm21] The map TC→ TCQ is an LA1-equivalence.

One can interpret my vanishing result as saying that A1-homotopy theory is extremely incompatible
with trace methods and brings to prominence the square (4.3.1). which I will discuss later.

4.2. Trace methods for stacks. With Sosnilo, I was able to formulate and prove a generalization of
the theorem of Dundas-Goodwillie-McCarthy on the fiber of the cyclotomic trace map. We generalized
the notion of nilpotent extensions of (associative, unital) rings to a nilpotent extension of ∞-categories
with an additional structure, Bondarko’s notion of weights [Bon10]. This applies to the bridge a gap
between the K-theory and TC of Voevodsky’s category of motives to classical Chow motives. Perhaps
more interestingly, we prove a version of the DGM theorem for stacks:

Theorem 4.2.1. [ES20] Let k be a base discrete commutative ring k, G a linearly reductive, embeddable
group scheme over k. Let R → S be a G-equivariant nilpotent extension of E∞-k-algebras. Then the
square

K([Spec R/G]) TC([Spec R/G])

K([Spec S/G]) TC([Spec S/G])

is cartesian; here [Spec R/G] denotes the quotient stack.

Coupled with recent structure theorems for algebraic stacks [AHR20, AHR19] many problems about
the K-theory of algebraic stacks can be reduced to Theorem 4.2.1. For example, we could gave

(1) a proof that truncating invariants in the sense of [LT19] are insensitive to derived structures on
stacks which generalizes results of Hoyois-Krishna [HK19];

(2) a proof of Blanc’s lattice conjecture [Bla16] comparing topological K-theory of C-linear categories
with periodic cyclic homology for a large class of derived stacks.

4.3. Future work I: motivic cohomology of singular schemes. This project is based on discussions
with Bachmann and Morrow. In recent years, the theory of étale motivic cohomology has benefitted
tremendously from the work of Bhatt-Morrow-Scholze [BMS18, BMS19] on integral p-adic Hodge theory.
In great generality, they were able to construct complexes of étale sheaves Zp(n)ét with properties expected
from the étale motivic theory; for example it is known to filter TC. One important feature is that these
complexes are well-behaved when extended to singular schemes whereas constructions of Zariski motivic
cohomology use in an important way the idea of A1-invariance and hence are restricted to the regular
situation if one wants the expected relationship with algebraic K-theory. The overall goal of this project
is to investigate a version of Zariski motivic cohomology, as constructed by Morrow, which does not rely
on A1-invariance but depends on the sheaves Zp(n)ét and surrounding gadgets.

The starting point is the cartesian square:

(4.3.1)

K TC

LA1K LcdhTC.

Here Lcdh is the sheafification functor with respect to Suslin and Voevodsky’s cdh topology [SV00]. The
cartesian-ness of this square is deep: it requires knowing that 1) LA1K ' LcdhK [KST17, Theorem 6.3]
and 2) that Kinv is a cdh sheaf [LT19] in general.

We restrict ourselves to schemes in characteristic p > 0 and with mod-p-coefficients (for simplicity).
Based on the cartesian square (4.3.1), Morrow has constructed a better version of mod-p Zariski motivic
cohomology, Z/p(n)Zar which is the associated graded of a canonical filtration on the K-theory spectrum,
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irrespective of regularity hypotheses. We proved that, in fact, this complex gives a motivic refinement
of (4.3.1):

Quasi-Theorem 4.3.2 (E.-Morrow). The following square is cartesian:

(4.3.3)

Z/p(j)Zar Z/pp(j)
ét

RΓcdh(−,Ωjlog)[−j] RΓeh(−,Ωjlog)[−j].

The basic point of Quasi-theorem 4.3.2 is a result concerning the cdh-sheafification of the the étale
motivic complexes from [BMS19]; that the result object is indeed an eh sheaf. I also note that each of
the other vertices is the associated graded of a filtration of the corresponding spectra from (4.3.1) after
results of [GL00, KM18] and an argument with the cdarc topology.

One of the first goals that we would like to accomplish is to prove a comparison result between the
A1-localization of Z/p(j)Zar and Spitzweck’s extension4 of Voevodsky’s motivic cohomology to singular
schemes constructed in [Spi18] and an A1-invariance result on regular Fp-schemes. The first goal has now
been accomplished, joint with Bachmann and Morrow with details forthcoming.

Quasi-Theorem 4.3.4 (Bachmann-E.-Morrow). The complexes {LA1Z/p(j)Zar[j]} assemble into a mo-
tivic spectrum and show it is a model for [Spi18] for schemes in characteristic p.

Towards this end, we were able to establish a mod p-motivic refinement of the equivalence KH ' LcdhK.

Quasi-Theorem 4.3.5 (Bachmann-E.-Morrow). There is a canonical equivalence:

LA1Z/p(j)Zar ' RΓcdh(−,Ωjlog)[−j].

The main ingredients are the argument of Theorem 4.1.1 and a newly established A1-invariance prop-
erty for RΓcdh(−,Ωjlog)[−j] via the cdarc techniques of [EHIK21]. Consequently, we have an analog

of Geisser-Levine’s seminal result [GL00] for Spitzweck’s motivic cohomology ZSpi(n) evaluated on Fp-
henselian valuation rings, answering a question of Mathew:

Quasi-Theorem 4.3.6 (Bachmann-E.-Morrow). Let O be a henselian valuation ring containing Fp, then
Hi(O; ZSpi/p(n)) = 0 if i 6= n.

Further exploration of the complexes Z/pp(j)
Zar and their integral variants Zp(j)

Zar are in progress, all
joint with Morrow. One important question unaddressed so far is comparison, the smooth situation, with
Voevodsky’s motivic complexes/Bloch’s cycle complexes. Thanks to Theorem 4.3.5 it is about removing
the LA1 on the left-hand-side of that theorem.

Conjecture 4.3.7. The complexes Z/pp(j)
Zar are A1-invariant on smooth Fp-algebras. This will imply

that Z/pp(j)
Zar coincides with Voevodsky’s motivic cohomology on smooth schemes.

We note that can prove the above conjecture assuming resolution of singularities. We are also at-
tempting to lift the rigidity theorems of Gabber, Suslin and Clausen-Mathew-Morrow to the level of
these complexes. One way to formulate it is to use the sheaves ν̃(j), which is the (Zariski-)cokernel of
1− C−1 on j-forms; here C−1 is the inverse Cartier map.

Conjecture 4.3.8. Let (A,m) be a regular noetherian, henselian local ring containing Fp, then ν̃(j)(A) '
ν̃(j)(A/m)

This is a motivic refinement of cases of the main results of Clausen-Mathew-Morrow; we can in fact
formulate a conjecture which refines their results more generally but that reduces to Conjecture 4.3.8 by
Kan extension techniques.

We believe that these complexes would be very useful in studying the algebraic K-theory of singular
schemes and various geometric questions surrounding algebraic cycles (which lack a general, solid foun-
dation in the singular setting), just as Voevodsky’s complexes were instrumental in the smooth situation.

4Spitzweck’s extension of motivic cohomology is A1-invariant and, in good cases, is the associated
graded of a filtration on Weibel’s homotopy K-theory rather than K-theory itself.
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(4) 18 (1985), no. 3, pp. 437–552, http://www.numdam.org/item?id=ASENS_1985_4_18_3_
437_0

[Tot97] B. Totaro, Torsion algebraic cycles and complex cobordism, J. Amer. Math. Soc. 10 (1997),
no. 2, pp. 467–493, https://doi.org/10.1090/S0894-0347-97-00232-4

[Tot19] B. Totaro, The integral Hodge conjecture for 3-folds of Kodaira dimension zero, To appear
in J. Inst.Math. Jussieu, 2019, arXiv:1907.08670

[TT90] R. W. Thomason and T. Trobaugh, Higher algebraic K-theory of schemes and of derived
categories, The Grothendieck Festschrift III, Progress in Mathematics, vol. 88, Birkhäuser,
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