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Abstract

The Quillen–Lichtenbaum conjecture for smooth complex projec-
tive varieties states that algebraic and topological K-theory with fi-
nite coefficients become isomorphic in high degrees. We define that
“Quillen–Lichtenbaum dimension” of a variety in terms of the point
where this happens, show that it is surprisingly computable, and ana-
lyze many examples. We show that it gives an obstruction to rational-
ity, but one that turns out to be weaker than unramified cohomology
and some related birational invariants defined by Colliot-Thélène and
Voisin using Bloch–Ogus theory. We use homological projective duality
to prove some new cases of the integral Hodge conjecture. We compute
the higher algebraic K-theory of the Kuznetsov components of the
derived categories of some Fano varieties.

Introduction

Let X be a smooth complex projective variety, and consider the comparison
map from algebraic to topological K-theory:

ηn : Kn(X) → KU−n(X).

The image and kernel of η0 are closely related to the image and kernel of
the cycle class map CH∗(X) → H2∗(X,Z), which are the subject of deep
conjectures. For n ≥ 1, the image of ηn is torsion [37, §6.3], so ηn = 0
in the many examples where H∗(X,Z) is torsion-free, and thus KU∗(X) is
torsion-free. Moreover there is no Bott periodicity on K∗(X).

With finite coefficients, the situation is completely different, as Thoma-
son first showed in [82]. To state his results, we introduce the Bott maps

τn : Kn(X,Z/m) → Kn+2(X,Z/m),
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roughly given by multiplication with a generator of K2(C,Z/m) = Z/m
but with subtleties that we review in §1.1. These are compatible with
the comparison maps ηn and the Bott isomorphisms on KU∗, given by
multiplication with the corresponding generator β ∈ KU−2(point) = Z/m,
as shown:

Kn(X,Z/m)

ηn
��

τn // Kn+2(X,Z/m)

ηn+2

��
KU−n(X,Z/m)

·β
∼=
// KU−n−2(X,Z/m).

Thomason proved that after taking direct limits over the Bott maps, the
comparison maps become isomorphisms. The Quillen–Lichtenbaum con-
jecture [69, Thm. 4.1], which is now a consequence of the Bloch–Kato
conjecture or norm residue theorem proved by Rost and Voevodsky [40],
gives more precise information: the comparison maps ηn are isomorphisms
for all n ≥ dimX − 1 and injective for n = dimX − 2, or equivalently,
the Bott maps τn are isomorphisms for all n ≥ dimX − 2 and injective for
n = dimX − 2.

But for some varieties, ηn and τn become isomorphisms earlier than
promised by the Quillen–Lichtenbaum conjecture. For example, if X → Y
is a Pr bundle (in the Zariski topology) then the K-theory of X is just r+ 1
copies of the K-theory of Y , so the maps ηn and τn are isomorphisms for
n ≥ dimY − 1 and injective for n = dimY − 2. And we will see in §1.2
that if X is rational and dimX ≥ 2, then ηn and τn are isomorphisms for
n ≥ dimX − 3 and injective for n = dimX − 4.

The goal of this paper is to explore this phenomenon and its interaction
with birational geometry, algebraic cycles, and derived categories of coherent
sheaves. We begin by introducing the following definition.

Definition 1. Let X be a smooth complex projective variety. The Quillen–
Lichtenbaum dimension dimQL(X) is the smallest integer d such that for all
m, the comparison maps

ηn : Kn(X,Z/m) → KU−n(X,Z/m)

are isomorphisms for n ≥ d− 1 and injective for n = d− 2, or equivalently,
the Bott maps

τn : Kn(X,Z/m) → Kn+2(X,Z/m)

are isomorphisms for n ≥ d− 1 and injective for n = d− 2.
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Thus the statements above amount to saying that dimQL(X) ≤ dimX for
all X, but if X → Y is a Pr bundle then dimQL(X) = dimQL(Y ), and if X
is rational and dimX ≥ 2 then dimQL(X) ≤ dimX − 2.

Geometric conditions and rationality

It is easy to see that a smooth complex projective curveX has dimQL(X) = 0
if and only if its genus is 0: we always have K−1(X,Z/m) = 0, so the
comparison map η−1 cannot be an isomorphism unless KU1(X,Z/m) =
H1(X,Z/m) vanishes. But when dimX ≥ 2, it looks at first glance as if
dimQL(X) might be totally uncomputable. In §1.3 we introduce a spectral
sequence, related to the motivic spectral sequence, that computes the cone
of the Bott maps τn.1 Its E2 page is the mirror image of the E2 page of the
Bloch–Ogus–Leray spectral sequence that abuts to the coniveau filtration
on H∗

sing(X,Z/m), so our computations end up involving unramified coho-
mology and some related birational invariants studied by Colliot-Thélène
and Voisin in [25, Props. 3.3 and 3.4]. We obtain the following concrete
statements about Quillen–Lichtenbaum dimension.

Theorem 2. Let X be a smooth complex projective surface.

(a) dimQL(X) ≤ 1 if and only the geometric genus pg(X) = h0,2(X)
vanishes, and H3(X,Z) is torsion-free.

(b) dimQL(X) = 0 if and only if in addition, the irregularity q(X) =
h0,1(X) vanishes.

Thus while we said above that a rational surface has dimQL = 0, we see here
that the converse is not true: Barlow surfaces [12] and Dolgachev surfaces
[31] have pg = q = 0 and are simply connected, but are not rational.

In higher dimensions we restrict our attention to rationally connected
varieties. Recall that a smooth complex projective variety is rationally
connected if any two points can be joined by a chain of rational curves [29,
Cor. 4.28]. This includes all unirational varieties, as well as all (smooth)
Fano varieties [54], and thus all d-dimensional (smooth) hypersurfaces of
degree ≤ d. It implies that CH0(X) = Z, but is strictly stronger.

Theorem 3. Let X be a smooth complex projective 3-fold that is rationally
connected.

1It is interesting to note that the cofiber of τ has another life in motivic homotopy
theory [36], where it has been used to compute homotopy groups of spheres [51].
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(a) dimQL(X) ≤ 2

(b) dimQL(X) ≤ 1 if and only if H3(X,Z) is torsion-free.

(c) dimQL(X) = 0 if and only if H3(X,Z) = 0.

Again we see that the condition dimQL(X) ≤ 1 does not give a very strong
obstruction to rationality: all smooth Fano 3-folds have torsion-free coho-
mology, even though many of them are irrational, including cubic and quar-
tic 3-folds. The simplest 3-fold for which Quillen–Lichtenbaum dimension
does obstruct rationality is the Artin–Mumford 3-fold [8], although this does
not amount to a new proof.

Theorem 4. Let X be a smooth complex projective 4-fold that is rationally
connected.

(a) dimQL(X) ≤ 3 if and only if algebraic and homological equivalence
coincide on CH1(X), and in the coniveau filtration2

N2H5(X,Z) ⊂ N1H5(X,Z) = H5(X,Z),

the inclusion is an equality.

(b) dimQL(X) ≤ 2 if and only if in addition, the integral Hodge conjecture
holds for H4(X,Z) and H6(X,Z).

(c) If in addition h1,3(X) = 0, and H5(X,Z) and H3(X,Z) are torsion-
free, then dimQL(X) ≤ 1.

(c′) If dimQL(X) ≤ 1 then h1,3(X) = 0, and H5(X,Z) is torsion-free.

We do not know whether dimQL(X) ≤ 1 implies that H3(X,Z) is torsion-
free. A characterization of rationally connected 4-folds with dimQL(X) = 0
would become too involved.

The invariants appearing in Theorem 4(a) and (b) are more or less
familiar birational invariants. The integral Hodge conjecture on H4(X,Z)
and H2d−2(X,Z) has been studied in the context of birational geometry by
Voisin and her coauthors in [80, Lem. 1], [88, Lem. 15], and especially [25];
note that for any Fano 4-fold, H6(X,Z) is generated by algebraic classes by

2Recall that NcHl(X,A) is defined as the set of classes α ∈ Hl(X,A) for which there
is a Zariski closed set Z ⊂ X of codimension ≥ c with α|X\Z = 0. If c > l/2 then Nc = 0,
and if c ≤ l − dimX then Nc is all of Hl(X,A). If l = 2c then NcH2c(X,Z) is the set of
algebraic classes.
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[44, Thm. 1.7(ii)]. The Griffiths group Griff1(X) := CH1(X)hom/CH1(X)alg
is discussed in [90, §2.1] and [91, §1.3.2], and the quotient H5/N2H5 figures
prominently in [89].

We will apply Theorem 4 to the two families of Fano 4-folds shown by
Hassett, Tschinkel, and Pirutka to contain both rational and irrational mem-
bers, and will see that all members of both families have dimQL(X) = 2. We
will see that all cubic 4-folds and Gushel–Mukai 4-folds have dimQL(X) = 2,
so higher K-theory gives no obstruction to their rationality. We will see
that quartic 4-folds that are very general in the Noether–Lefschetz sense
have dimQL(X) = 2; Totaro [85] proved that a very general quartic 4-fold is
irrational, but we do not know how the latter “very general” interacts with
the former.

In dimension 5, we will analyze one example, relying on calculations of
Fu and and Tian [34]:

Theorem 5. If X is a smooth cubic hypersurface of dimension 5 over C,
then dimQL(X) = 1.

Quillen–Lichtenbaum dimension as a derived invariant

The algebraic and topological K-theory X depend only on the derived cate-
gory of coherent sheavesDb

coh(X) = Perf(X), so the same is true of dimQL(X).
In fact one can extend Definition 1 to any C-linear dg-category or stable
∞-category, using Blanc’s topological K-theory [16]. When the derived
category of a variety admits a semi-orthogonal decomposition

Db
coh(X) = ⟨A1, . . . ,Ak⟩,

we will see that

dimQL(X) = max(dimQL(A1), . . . , dimQL(Ak)).

We extract two kinds of results from this observation.

First, we use homological projective duality to produce some interesting
Fano 4-folds with dimQL(X) = 2, which therefore satisfy all the conditions
of Theorem 4(a) and (b):

Theorem 6. The following Fano 4-folds X satisfy the integral Hodge con-
jecture on H4(X,Z), and Griff1(X) = 0.
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(a) Intersections of Gr(2, 7) with 6 general hyperplanes in the Plücker
embedding.

(b) “Pfaffian” 4-folds obtained as linear sections of the space of 7×7 skew-
symmetric matrix of rank 4.

(c) The linear sections of the double quintic symmetroid studied by Ottem
and Rennemo in [68].

The third example has H3(X,Z) = Z/2 and thus is not even stably rational.
Rationality of the first two examples does not seem to have been studied.

In each case, Db
coh(X) admits a semi-orthogonal decomposition consist-

ing of an exceptional collection and the derived category of a surface S with
h0,2 ̸= 0. In the first example, where H∗(X,Z) is torsion-free, it is easier
to deduce the integral Hodge conjecture using Perry’s [72, Prop. 5.16(2)],
but the result on Griff1(X) is new. In the second example, we do not
know whether there is torsion in H∗(X,Z). In all three examples, the
fully faithful functors Db

coh(S) → Db
coh(X) are induced by ideal sheaves of

explicit subschemes of S×X, and it should be possible to prove Theorem 6
more directly by analyzing the geometry of those correspondences; but it is
also gratifying to get integral information about H4 and CH1 from derived
categories, not just rational information.

Second, we compute the higher K-theory of some Kuznetsov components
of derived categories. For many Fano varieties X, Kuznetsov has identified
a semi-orthogonal decomposition of Db

coh(X) consisting of an exceptional
collection and an interesting piece AX , which often behaves like the derived
category of a lower-dimensional variety. Most famously, if X is a cubic 4-
fold [59] or Gushel–Mukai 4-fold [62], then the Kuznetsov component AX

behaves like the derived category of a K3 surface in terms of Serre duality,
Hochschild homology and cohomology, and the Euler pairing on KU0. We
find that its algebraic K-theory behaves like that of a K3 surface as well:

Theorem 7. Let X be a smooth complex cubic 4-fold or Gushel–Mukai
4-fold, and let AX ⊂ Db

coh(X) be Kuznetsov’s K3 category.

(a) dimQL(AX) = 2, meaning that the Bott maps

τn : Kn(AX ,Z/m) → Kn+2(AX ,Z/m)

are isomorphisms for n ≥ 1 and injective for n = 0.
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(b) With integral coefficients, we have

Kn(AX) =


Zρ ⊕ V0 if n = 0,

(Q/Z)24 ⊕ Vn if n is odd and n ≥ 1, and

Vn if n is even and n ≥ 2,

where ρ is the rank of Knum(AX) and the groups Vn are uniquely
divisible.3 In fact V0 = CH1(X)hom.

The same is true a K3 surface S, with V0 = CH0(S)hom, as we review in
§4.2. We wonder whether a similar conclusion holds for the K3 categories
obtained from Debarre–Voisin Fano 20-folds – that is, hyperplane sections
of Gr(3, 10) – but these seem far out of reach. The fact that Gushel–Mukai
4-folds have no torsion in CH1 is new and of independent interest; the same
proof applies to quartic 4-folds and several other Fano 4-folds.

We will also describe the K-theory of the Kuznetsov components for
Fano 3-folds in §3.3, and for cubic 5-folds in §5.
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Conventions

For spectra, we use the notation and syntax of higher algebra [64]; we write ⊗
and ⊕ and [1] where some authors would write ∧ and ∨ and Σ. Algebraic K-
theory for us is connective algebraic K-theory, that is, the universal additive
invariant in the sense of [20].

3That is, they are divisible groups that are torsion-free, or in other words, Q-vector
spaces; but they can be badly infinite-dimensional.
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1 Generalities

1.1 The Bott map and its cofiber

Let X be a variety over the complex numbers. In this section we explain
the Bott maps

τn : Kn(X,Z/m) → Kn+2(X,Z/m), (1)

their relation to the comparison maps

ηn : Kn(X,Z/m) → KU−n(X,Z/m), (2)

and the equivalence between formulating Definition 1 with (1) or (2). Then
we upgrade the Bott maps (1) to a map of spectra, take its cofiber, and give
another equivalent formulation of Definition 1.

Topological K-theory satisfies Bott periodicity: if β is a generator of
KU−2(point) ∼= Z, then multiplication by β gives isomorphisms

KU−n(X)
·β
∼=
// KU−n−2(X)

and

KU−n(X,Z/m)
·β
∼=
// KU−n−2(X,Z/m)

for all n and m.
In algebraic K-theory with Z coefficients, there is no Bott periodicity, but

with Z/m coefficients we can proceed as follows. Suslin’s rigidity theorem
[81, Cor. 4.7] implies that ηn : Kn(C,Z/m) → KU−n(point,Z/m) is an
isomorphism for all n ≥ 0, so we would like to take the same generator
β ∈ KU−2(point), map it to a generator of KU−2(point,Z/m) ∼= Z/m, lift
it to K2(C,Z/m), and let it act on K∗(X,Z/m) to give the maps (1) above.

But there are well-known difficulties when m ≡ 2 (mod 4), which we
cannot ignore because Z/2 coefficients are the most interesting ones for our
applications. In that case the Moore spectrum S/m does not admit a unital
multiplication S/m ⊗ S/m → S/m, so K(C,Z/m) and K(X,Z/m), which
are obtained from K(C) and K(X) by tensoring with S/m, may also fail to
be ring spectra.4 But the action S/2m⊗ S/m→ S/m is better behaved, so
we define (1) by letting the image of β in K2(C,Z/2m) act on K∗(X,Z/m).

4Pedrini and Weibel [69] cite Araki and Toda [7, Thm. 10.7] to say that the homotopy
groups K∗(C,Z/m) and K∗(X,Z/m) are nonetheless graded rings because

√
−1 ∈ C, but

soon we will really need to work with spectra.
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There are further difficulties with associativity of this action when m is
divisible by 4 but not 16, or by 3 but not 9, but these do not affect us. For
further discussion of these issues, see Thomason’s [82, App. A], or for a more
recent perspective see [10, §3 and App. A] or [23].

Thus we have defined the Bott maps (1) for all m, and we have a
commutative square

Kn(X,Z/m)
τn //

ηn
��

Kn+2(X,Z/m)

ηn+2

��
KU−n(X,Z/m)

·β
∼=
// KU−n−2(X,Z/m).

Knowing that ηn is an isomorphism for n ≫ 0, we see for any given N
that ηn is an isomorphism (or injective) for all n ≥ N if and only if τn is
an isomorphism (or injective) for all n ≥ N : thus the two formulations of
Definition 1 are equivalent, as promised.

Next we upgrade the Bott maps (1) to a map of spectra

τ : K(X,Z/m)[2] → K(X,Z/m) (3)

When m ≡ 2 (mod 4), we start with our generator of K2(C,Z/2m) and take
the corresponding map

S2 → K(C,Z/2m).

Then we tensor with K(X,Z/m) to get

S2 ⊗K(X,Z/m) → K(C,Z/2m) ⊗K(X,Z/m),

and post-compose with the map

K(C,Z/2m) ⊗K(X,Z/m) → K(X,Z/m)

obtained by tensoring the multiplication map

K(C) ⊗K(X) → K(X)

with the action
S/2m⊗ S/m→ S/m.

The case m ̸≡ 2 (mod 4) is more straightforward: we do the same with m
in place of 2m.
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Finally we define K/τ(X,Z/m) as the cofiber of the spectrum-level
Bott maps (3). Its homotopy groups (K/τ)∗(X,Z/m) fit into a long exact
sequence

· · · → Kn−2(X,Z/m)
τn−2−−−→ Kn(X,Z/m) → (K/τ)n(X,Z/m)

→ Kn−3(X,Z/m)
τn−3−−−→ Kn−1(X,Z/m) → · · · ,

giving another equivalent formulation of Definition 1:

Definition 1′. Let X be a smooth complex projective variety. The Quillen–
Lichtenbaum dimension dimQL(X) is the smallest integer d such that

(K/τ)n(X,Z/m) = 0

for all n > d and all m.

1.2 Derived categories of coherent sheaves and semi-orthgonal
decompositions

If X and Y are smooth complex projective varieties then every equivalence
Db

coh(X) → Db
coh(Y ) is induced by a Fourier–Mukai kernel, which induces

weak equivlaences K(X) → K(Y ) and KU(X) → KU(Y ), and similarly
with finite coefficients, compatible with all comparison and Bott maps. Thus
dimQL(X) depends only on Db

coh(X).
In fact, if C is any dg-category or stable ∞-category over C, we can

define the spectrum K(C) using Waldhausen’s S-construction as in [20], and
KU(C) following Blanc [16], and with finite coefficients we can define Bott
maps just as in the previous section, so we can extend Definition 1:

Definition 1′′. Let C be a small idempotent complete C-linear pretrian-
gulated dg-category, or equivalently, a small idempotent complete C-linear
stable ∞-category. The Quillen–Lichtenbaum dimension dimQL(C) is the
smallest integer d such that for all m,

(a) the comparison maps ηn : Kn(C,Z/m) → KU−n(C,Z/m) are isomor-
phisms for n ≥ d− 1 and injective for n = d− 2, or equivalently,

(b) the Bott maps τn : Kn(C,Z/m) → Kn+2(C,Z/m) are isomorphisms for
n ≥ d− 1 and injective for n = d− 2, or equivalently

(c) the cofiber of the spectrum-level Bott map satisfies (K/τ)n(C,Z/m) =
0 for all n > d.

10



If no such d exists, we define dimQL(C) = ∞.

The equivalence between (a) and (b) depends on a result of Antieau and
Heller [5, Thm. 3.3]: they proved Blanc’s conjecture [16, Conj. 4.27] that the
natural map from to (connective) algebraic K-theory with finite coefficients
to semitopological K-theory with finite coefficients is an equivalence, and this
implies that KU(C,Z/m) is the direct limit of the Bott maps on K(C,Z/m).
When C = Db

coh(X) = Perf(X) we recover our earlier definitions.
In general we do not know whether dimQL(C) is finite, even when C

is smooth and proper; cf. [5, Question 4.2]. But in practice we are only
interested in admissible subcategories C ⊂ Db

coh(X), in which case we will
see that dimQL(C) ≤ dimQL(X). Recall that a full triangulated subcategory
of Db

coh(X) is called admissible if the inclusion functor has left and right
adjoints, and takes its dg or stable ∞ enhancement from Db

coh(X).
A semi-orthogonal decomposition

Db
coh(X) = ⟨A1, . . . ,Ak⟩

is a sequence of admissible subcategories, with no Homs or Exts from right
to left, that generate Db

coh(X) as a triangulated category.

Examples 1.1.

(a) Beilinson’s exceptional collection

Db
coh(Pr) = ⟨OPr ,OPr(1), . . . ,OPr(r)⟩.

Here each OPr(i) is a shorthand for the subcategory that it generates,
which is an admissible subcategory equivalent to Db

coh(point) because
OPr(i) is an exceptional object, with Hom(OPr(i),OPr(i)) = C and
Extj(OPr(i),OPr(i)) = 0 for j ̸= 0.

(b) More generally, if P → X is a Pr bundle in the Zariski topology, Orlov
has given semi-orthogonal decomposition

Db
coh(P ) =

〈 r + 1 times︷ ︸︸ ︷
Db

coh(X), . . . , Db
coh(X)

〉
The notation means that we have r+1 fully faithful functorsDb

coh(X) →
Db

coh(P ), and their images give a semi-orthogonal decomposition. A
semi-orthogonal decomposition induces a direct sum decomposition on
K(X), so this refines Quillen’s [75, §8 Thm. 2.1].
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(c) If P → X is only a Pr bundle in the étale or analytic topology,
Bernardara [15] has given a semi-orthogonal decomposition

Db
coh(P ) = ⟨Db

coh(X), Db
coh(X,α), Db

coh(X, 2α), . . . , Db
coh(X, rα)⟩, (4)

which refines Quillen’s [75, §8 Thm. 4.1]; here α ∈ Br(X) is the Brauer
class obtained as the obstruction to writing P as the projectivization
of a vector bundle, and Db

coh(X,α) is the derived category of α-twisted
sheaves.

(d) If X̃ is the blow-up of X along a smooth center Z, Orlov has given a
semi-orthogonal decomposition

Db
coh(X̃) = ⟨Db

coh(X),

codimZ − 1 times︷ ︸︸ ︷
Db

coh(Z), . . . , Db
coh(Z)⟩, (5)

which refines Thomason’s [83, Thm. 2.1].

(e) If X is a smooth complete intersection of two quadrics in P2g+1, Bondal
and Orlov [22, Thm. 2.9] have given a semi-orthogonal decomposition

Db
coh(X) = ⟨Db

coh(C),OX ,OX(1), . . . ,OX(2g − 1)⟩,

which refines Reid’s [76, Thm. 4.14]; here C is a hyperelliptic curve
of genus g whose construction goes back to Weil. We will encounter
many semi-orthogonal decompositions of this kind, consisting of one
“interesting piece” and an exceptional collection that does not vary
when X deforms.

A semi-orthogonal decomposition on Db
coh(X) induces a direct sum de-

composition on K(X) and KU(X): one approach is to take the projection
kernels of [60, Thm. 7.1] and let them induce idempotents on K(X) and
KU(X). In fact one could take this as the definition of KU of an admissible
subcategory rather than invoking Blanc’s machinery. The idempotents and
decompositions are compatible with all comparison and Bott maps, so we
also get a direct sum decomposition of K/τ(X), and we find:

Proposition 1.2. If Db
coh(X) = ⟨A1, . . . ,Ak⟩, then

dimQL(X) = max(dimQL(A1), . . . , dimQL(Ak)).

Corollary 1.3. dimQL(Pr) = 0. More generally, if P → X is a Pr bundle in
the Zariski topology, then dimQL(P ) = dimQL(X). If it is only a Pr bundle
in the étale topology, then dimQL(P ) ≥ dimQL(X).
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It is tempting to conjecture that equality holds for étale Pr bundles as well;
we will return to this question in §1.5.

Corollary 1.4. For a smooth complex projective variety X of dimension
d, the groups (K/τ)d(X,Z/m) and (K/τ)d−1(X,Z/m) are birational invari-
ants. In particular, if X is rational then dimQL(X) ≤ max(d− 2, 0).

Proof. By weak factorization [1], every birational map between smooth
complex projective varieties factors into a sequence of blow-ups and blow-
downs along smooth centers, so it is enough to show that if X̃ is the blow-up
of X along a smooth center Z of codimension ≥ 2, then

(K/τ)n(X̃,Z/m) = (K/τ)n(X,Z/m)

for n = d and d − 1. This follows from the semi-orthgonal decomposition
(5) and the fact that dimQL(Z) ≤ dimZ ≤ d− 2.

Corollary 1.5. If X is a smooth complete intersection of two quadrics in
P2g+1, then dimQL(X) = 1.

This is as far we can get with semi-orthogonal decompositions alone; to
proceed further, we construct a motivic spectral sequence for K/τ , which
allows us to make more subtle connections between Quillen–Lichtenbaum
dimension and geometry.

1.3 A motivic spectral sequence for K/τ

In this section we introduce a spectral sequence to compute (K/τ)∗(X,Z/m).
To describe the E2 page, let

π : Xan → XZar

be the identity map from X in the analytic topology to the Zariski topology,
and for any Abelian group A, let

Hi
X(A) := Riπ∗A,

where A is the constant sheaf on X in the analytic topology; in other words,
Hi

X(A) is the sheaf associated to the presheaf which maps a Zariski open
set U ⊂ X to H i

sing(U,A).

Theorem 1.6. There is a spectral sequence

Ep,q
2 = Hp(H−q

X (Z/m)) =⇒ (K/τ)−p−q(X,Z/m),

functorial in X.
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We postpone the proof to the next section, but first discuss some conse-
quences.

Bloch and Ogus [18, eq. (0.3)] proved that H i(Hj
X(A)) vanishes for i > j

and any A, so we can write out the E2 page of the spectral sequence from
Theorem 1.6 as follows, supressing the Z/m coefficients:5

p = 0 1 2 3 4

q = 0 H0(H0)

−1 H0(H1)

++

H1(H1)

−2 H0(H2)

++

H1(H2)

++

H2(H2)

−3 H0(H3)

++

H1(H3)

++

H2(H3)

++

H3(H3)

−4 H0(H4)

++

H1(H4)

++

H2(H4)

++

H3(H4)

**

H4(H4)

...
...

...
...

...
. . .

(6)

If dimX = d then we also have Hj
X(A) = 0 for j > d, because X is smooth.

From this we see again that

(K/τ)n(X,Z/m) = 0 for n > d,

which is exactly the statement of the Quillen–Lichtenbaum conjecture for X;
but we note that the proof of Theorem 1.6 will rely on Rost and Voevodsky’s
resolution of the Bloch–Kato conjecture.

We also get
(K/τ)d(X,Z/m) = H0(Hd

X(Z/m)) (7)

and an exact sequence of low-degree terms

0 → H1(Hd
X(Z/m)) → (K/τ)d−1(X,Z/m)

→ H0(Hd−1
X (Z/m)) → H2(Hd

X(Z/m)) (8)

which we will use often.

The groups H0(Hj
X(A)) are sometimes called unramified cohomology

and denoted Hj
nr(X,A); they are well-known birational invariants, and if

X = Pd then they vanish for j > 0. Colliot-Thélène and Voisin have shown
that H i(Hd

X(A)) are birational invariants as well [25, Prop. 3.4], and if
X = Pd then they vanish for i < d [25, Prop. 3.3(iii)].

5It would be interesting to understand the differentials, which should be some
incarnation of Steenrod squares or powers. We suspect that many of them vanish.
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Corollary 1.7. Suppose that dimX = d ≥ 2.

(a) If X is stably rational, or more generally if X admits a Chow decom-
position of the diagonal [90, Def. 4.1(i)], then dimQL(X) ≤ d− 2.

(b) If CH0(X) = Z, then there is an integer N such that (K/τ)d(X,Z/m)
is N -torsion, and (K/τ)d−1(X,Z/m) is N2-torsion; in particular, both
vanish when m is relatively prime to N . If X is unirational, we can
take N to be the degree of the unirational parametrization.

Proof. If CH0(X) = Z then X admits a rational Chow decomposition of the
diagonal: that is, there is an integer N such that

N∆X = N(X × x) + Z in CHd(X ×X) (9)

where Z is a cycle supported on D × X for some closed subset D ⊊ X.
If X is unirational, we can take N to be the degree of the unirational
parametrization. If X is stably rational, we can take N = 1; this is called a
Chow decomposition of the diagonal.

By [25, Prop. 3.3] and its proof, the existence of a decomposition (9)
implies that H0(H>0

X (A)) and H<d(Hd
X(A)) are N -torsion for any coefficient

group A. The conclusion follows from taking A = Z/m and looking at (7)
and (8).

We remark that the proof of Corollary 1.4 is not easily adapted to prove
Corollary 1.7(a).

We also make the following observation, which is immediate from (7)
but seems hard to prove more directly:

Corollary 1.8. If X and Y are smooth complex projective varieties of di-
mension d, then an equivalence Db

coh(X) ∼= Db
coh(Y ) induces an isomorphism

of top unramified cohomology groups H0(Hd
X(Z/m)) ∼= H0(Hd

Y (Z/m)).

Since the m-torsion part of Brauer group is isomorphic to H0(H2
X(Z/m)),

this sheds some light on the first author’s observation [3] that the Brauer
group of a Calabi–Yau threefold is not a derived invariant, in contrast to the
Brauer group of a K3 surface which has long been known to be a derived
invariant. In fact Corollary 1.8 implies that the Brauer group of any surface
is a derived invariant, which does not seem to have been noticed before.
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1.4 Construction of the spectral sequence

To match better with the motivic homotopy theory literature, we switch
in this section only to the following setting: fix m > 1; let m′ = 2m if
m ≡ 2 (mod 4), and m′ = m otherwise; let F be a field containing 1/m
and a primitive m′th root of unity; and let X be a smooth scheme over F .
Then K2(F,Z/m′) is identified with the roots of unity µm′(F ), and fixing a
primitive root of unity ζ we can define the spectrum-level Bott maps

τ : K(X,Z/m)[2] → K(X,Z/m)

just as in §1.1, and consider the cofiber K/τ(X,Z/m). Let

π : Xét → XZar

be the map from the étale site of X to the Zariski site, and let

Hi
X(µ⊗j

m ) := Riπ∗µ
⊗j
m .

Theorem 1.6′. In the setting just described, there is a spectral sequence

Ep,q
2 = Hp(H−q

X (µ⊗q
m )) =⇒ (K/τ)−p−q(X,Z/m),

functorial in X.

This implies Theorem 1.6 because of the comparison theorem between étale
cohomology and singular cohomology with finite coefficients.

Proof. For any Abelian groupA, we have motivic cohomologyH i
mot(X,A(j)),

which is the ith hypercohomology of a certain complex A(j) of sheaves on
X in the Zariski topology [66, Def. 3.4].6 There is a spectral sequence

Ep,q
2 = Hp−q

mot (X,A(−q)) =⇒ K−p−q(X,A), (10)

analogous to the Atiyah–Hirzebruch spectral sequence which computes topo-
logical K-theory from singular cohomology. For A = Z/m, the Beilinson–
Lichtenbaum conjecture, which is equivalent to the Bloch–Kato conjecture
or norm residue theorem proved by Voevodsky, Rost, and others, states that
the complex Z/m(j) is quasi-isomorphic to the good truncation7 τ≤jRπ∗ µ

⊗j
m

[40, §1.4].

6Some readers will be reassured to know that for a smooth separated scheme of finite
type over a perfect field, motivic cohomology with Z coefficients is a re-indexing of Bloch’s
higher Chow groups: Hp

mot(X,Z(q)) = CHq(X, 2q − p). [66, Thm. 19.1].
7We are sorry to use τ for both the Bott maps and the truncation, but both are

standard.
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Step 1: We argue that our spectrum-level Bott maps (3) are compatible
with the filtration of K(X,Z/m) that gives rise to the motivic spectral
sequence (10).

We start with Voevodsky’s slice filtration

· · · → FiljmotK(X) → · · · → Fil1motK(X) → Fil0motK(X) = K(X),

proposed in [86] based on some conjectures which have since been settled
by Levine in [63], with shorter alternate proofs in [9].8 The associated
graded pieces are the complexes of Abelian groups that compute motivic
cohomology:

Cone(Filj+1
motK(X) → FiljmotK(X)) =: grjmotK(X) = RΓ(X,Z(j)[2j]).

The filtration on K(X,Z/m) simply comes from tensoring this one with the
Moore spectrum S/m.

When m ≡ 2 (mod 4), we constructed our spectrum-level Bott maps τ
as a composition

S2 ⊗K(X,Z/m)
ζ⊗1−−→ K(F,Z/2m) ⊗K(X,Z/m) → K(F,Z/m), (11)

where the map S2 → K(F,Z/2m) corresponds to a primitive root of unity
ζ ∈ K2(F,Z/2m) = µ2m(F ), and the second map comes from tensoring the
action K(F ) ⊗K(X) → K(X) with the action S/2m ⊗ S/m → S/m. The
case m ̸≡ 2 (mod 4) is similar but with 2m changed to m.

In the first map of (11), we claim that S2 → K(F,Z/2m) lifts uniquely
to Fil1motK(F,Z/2m). To see this, observe that the map

Fil1motK(F,Z/2m) → Fil0motK(F,Z/2m)

induces an isomorphism on π2, because the its cofiber gr0motK(F,Z/2m) has
homotopy groups πi = H−i

mot(F,Z/2m(0)), and in particular π2 = π3 = 0
because there are no negative motivic cohomology groups in this case.

For the second map of (11), it follows from [71, Thm. 3.6.9] or [11, §13.4]
that the slice filtration is compatible ring spectrum structure

K(X) ⊗K(X) → K(X),

so we have
FilimotK(X) ⊗ FiljmotK(X) → Fili+j

motK(X),

8We cannot use Friedlander and Suslin’s older construction [33] because we need certain
multiplicative and functorial properties that it does not provide. We refer to [32, §3.1] for
a review.
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and in particular (using the pullback K(F ) → K(X))

Fil1motK(F ) ⊗ Filj−1
motK(X) → FiljmotK(X).

Thus our Bott maps are compatible with filtration:

τ : Filj−1
motK(X,Z/m)[2] → FiljmotK(X,Z/m).

Step 2: Because τ respects the slice filtration, the cofiber K/τ(X,Z/m)
inherits a filtration, which gives rise to a spectral sequence computing (K/τ)∗(X,Z/m).
To identify the E2 page of the spectral sequence, we must identify the
homotopy groups of the associated graded pieces of the filtration. These
graded pieces fit into exact triangles

grj−1
motK(X,Z/m)[2] → grjmotK(X,Z/m) → grjmot(K/τ)(X,Z/m),

that is,

RΓ(X,Z/m(j − 1)[2j]) → RΓ(X,Z/m(j)[2j]) → grjmot(K/τ)(X,Z/m).
(12)

We will argue the first map of (12) is the obvious one, obtained by applying
RΓ( [2j]) to the map

τ≤j−1Rπ∗ µ
⊗j−1
m → τ≤jRπ∗ µ

⊗j
m

which includes the shorter truncation into the longer one and multiplies by
the root of unity ζ ∈ µm(F ) chosen earlier, or by ζ2 if m ≡ 2 (mod 4).
The cone of the latter map is Hj

X(µ⊗j
m )[−j], so this will prove that the third

term of (12) is RΓ(Hj
X(µ⊗j

m )[j]), which gives the E2 page promised in the
theorem.

The multiplication map K(X) ⊗K(X) → K(X) is compatible with the
slice filtration, as we have said, and it follows from [71, Thm. 3.6.23] that
the resulting maps on associated graded pieces coincide (after a shift) with
the usual multiplication

RΓ(X,Z(i)) ⊗ RΓ(X,Z(j)) → RΓ(X,Z(i+ j))

in motivic cohomology, constructed for example in [66, Constr. 3.11]. Ten-
soring with the action S/2m⊗S/m→ S/m, we find that maps on associated
graded pieces induced by the action

K(F,Z/2m) ⊗K(X,Z/m) → K(X,Z/m)
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coincides (again after a shift) with the motivic multiplication

RΓ(F,Z/2m(i)) ⊗ RΓ(X,Z/m(j)) → RΓ(X,Z/m(i+ j)).

Reviewing our construction of the spectrum-level Bott maps, we find that
the first map of (12) is given by motivic multiplication with

ζ ∈ H0
mot(F,Z/2m(1)) = µ2m(F ).

By [92, §5], the multiplication in motivic cohomology is compatible, via the
maps

Z/m(i) → Rπ∗µ
⊗i
m , (13)

with the obvious multiplication

Rπ∗µ
⊗i
m ⊗Rπ∗µ

⊗j
m → Rπ∗µ

⊗i+j
m . (14)

Moreover, the maps (13) identify Z/m(i) with τ≤iRπ∗µ
⊗i
m by [40, Thm. C],

and any map of the form (14) must respect truncations and take τ≤iRπ∗µ
⊗i
m ⊗

τ≤jRπ∗µ
⊗j
m into τ≤i+jRπ∗µ

⊗i+j
m . Everything is similar with the first m

changed to 2m. Thus the first map of (12) is what we claimed.

1.5 Conic bundles and twisted K-theory

As a first application of our motivic spectral sequence, we revisit Corollary
1.3, which said that if P → X is a Pr bundle then dimQL(P ) ≥ dimQL(X),
with equality if the bundle is locally trivial in the Zariski topology. Whether
equality holds in general is surprisingly stubborn question. Here we prove
only that if r = 1 then dimQL(P ) ≤ dimX.

Proposition 1.9. If a smooth complex projective variety Y admits a map
f : Y → Z whose generic fiber is a conic, then dimQL(Y ) ≤ dim(Z).

Proof. Let d = dimY . When d = 3, Colliot-Thélène and Voisin [25, Cor. 8.2]
used Kahn, Rost, and Sujatha’s [53, Thm. 5] to prove that H0(H3

Y (Q/Z)) =
0. When d is arbitrary, H0(Hd

Y (Q/Z)) = 0 follows in the same way from
[53, Prop. A.1].9 We have exact sequences

0 → Hj
X(Z/m) → Hj

X(Q/Z)
·m−→ Hj

X(Q/Z) → 0

for all j and all m; this follows for example from [89, Cor. 1.5]. Thus
we find that H0(Hd

X(Z/m)) = 0, so (7) gives (K/τ)d(X,Z/m) = 0, so
dimQL(Y ) ≤ d− 1 = dimZ.

9See [34, Lem. 9] for another version of the same argument.
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Hotchkiss [47, Thm. 6.1] proved that ifX is an Abelian 3-fold and P → X
is an étale P3 bundle whose Brauer class has order 2 rather than 4, then
the integral Hodge conjecture fails for H6(P,Z). He constructed a similar
example over products of curves in [47, Thm. 6.4]. These may be good places
to look for counterexamples to our expectation that dimQL(P ) = dimQL(X).

For a Brauer class α ∈ Br(X), let dimQL(X,α) denote the Quillen–
Lichtenbaum dimension of the derived category of twisted sheavesDb

coh(X,α).
The question above amounts to asking whether dimQL(X,α) ≤ dimQL(X)
for all α. To rephrase what we have already said in this language:

Corollary 1.10. Let X be a smooth complex projective variety, and let α ∈
Br(X) be a Brauer class of index 2.10 Then dimQL(X,α) ≤ dimQL(X).

But funny things can happen: in §2.2 we will see an example in which
dimQL(X) = 2 but dimQL(X,α) = 0.

1.6 Two results of Pedrini and Weibel

Pedrini and Weibel’s purpose in [70] and [69] was to use the Quillen–Lich-
tenbaum conjecture to describe the K-theory of smooth complex varieties,
not just with finite coefficients but with integral coefficients. The following
proposition, which will use it in §3.3, §4.2, and §5, is a reworking of their
[70, Example 6.7] and [69, Thm. C], and goes back to a remark of Thomason
[82, after eq. (0.5)]. The point is that the Quillen–Lichenbaum conjecture
only sheds light on Kn(X) for n ≥ dimX − 2, leaving small n in question,
but the present paper shows that many higher-dimensional varieties behave
like lower-dimensional ones from the perspective of the Quillen–Lichtenbaum
conjecture.

Proposition 1.11. If X is a smooth complex projective variety, then

Kn(X) = tors(KU−n(X)) ⊕ (Q/Z)rankKU−n−1(X) ⊕Kn(X,Q)

for all n ≥ max(1, dimQL(X) − 2). The same holds if X is replaced by an
admissible subcategory A ⊂ Db

coh(X).

Proof. Let d = dimQL(X). By hypothesis, the comparison mapsKn(X,Z/m) →
KU−n(X,Z/m) are isomorphisms for n ≥ d − 1 and injective for n =

10Meaning that α can be represented by an étale P1 bundle, or equivalently by an
Azumaya algebra of rank 4. De Jong [27] proved that if dimX = 2 then every 2-torsion
class has index 2.
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d − 2. Taking direct limits over m, we find that the comparison maps
Kn(X,Q/Z) → KU−n(X,Q/Z) are isomorphisms for n ≥ d−1 and injective
for n = d− 2.11

By [37, §6.3] the image of the comparison map Kn(X) → KU−n(X) is
torsion for all n ≥ 1, so the comparison maps Kn(X,Q) → KU−n(X,Q) are
zero for all n ≥ 1.

Thus for all n ≥ max(1, d − 2) we have a commutative diagram with
exact rows

Kn+1(X,Q)

0
��

// Kn+1(X,Q/Z) // Kn(X) //

��

Kn(X,Q) //

0
��

Kn(X,Q/Z)� _

��
KU−n−1(X,Q) // KU−n−1(X,Q/Z) // KU−n(X) // KU−n(X,Q) // KU−n(X,Q/Z).

In the top row, we find that the map Kn(X,Q) → Kn(X,Q/Z) must be
zero, and similarly with Kn+1, so we get a short exact sequence

0 → Kn+1(X,Q/Z) → Kn(X) → Kn(X,Q) → 0. (15)

From the bottom row we get a short exact sequence

0 → (Q/Z)rankKU−n−1(X) → KU−n−1(X,Q/Z) → tors(KU−n(X)) → 0,

which must split because Q/Z is divisible and hence injective. Thus (15)
splits because Ext1Z(Q,Z/m) = 0 and Ext1Z(Q,Q/Z) = 0.

The proof above might fail for a general smooth proper dg-category C,
because we do not know whether the iamge of the comparison map Kn(C) →
KU−n(C) is torsion for n ≥ 1. But for completeness we record the following
proposition, which is a reworking of [69, Cor. 4.3 and 6.4].

Proposition 1.12. If X is a smooth complex projective variety, then the
image of the comparison map

ηn : Kn(X) → KU−n(X)

contains torsion subgroup of KU−n(X) for n ≥ dimQL(X) − 2. The same
holds if X is replaced by an admissible subcategory A ⊂ Db

coh(X), or an
arbitrary C-linear dg-category C.

11The reader may wonder why we did not define dimQL(X) in terms of the comparison
maps with Q/Z coefficients in the first place, rather than Z/m coefficients for all m. The
reason is that there are no Bott maps with Q/Z coefficients, so we would lose the spectral
sequence of Theorem 1.6.
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Proof. Take the spectrum-level comparison map η : K(X) → KU(X), and
let cone η be its cofiber. It is enough to prove that πn(cone η) is torsion-free
for n ≥ dimQL(X) − 2.

Consider the exact triangle

cone η
·m−→ cone η → (cone η)/m.

We want to prove that the first map induces an injection on πn for all m
and n ≥ dimQL(X) − 2, so it is enough to prove that the third term has
πn = 0 for n ≥ dimQL(X) − 1.

By the 3 × 3 lemma we get an exact triangle

K(X,Z/m)
η−→ KU(X,Z/m) → (cone η)/m.

By hypothesis, the first map induces an isomorphism on πn for n ≥ dimQL(X)−
1 and an injection for n = dimQL(X) − 2, so the third term has πn = 0 for
n ≥ dimQL(X) − 1, as desired.

2 Surfaces

Castelnuovo proved that a smooth complex projective surface X is rational
if and only if the irregularity q := h1(OX) and the second plurigenus P2 :=
h0(ω⊗2

X ) both vanish. But it is not enough for q and the geometric genus
pg = P1 = h0(ωX) to vanish, as Enriques surfaces demonstrate, nor is it
enough to have pg = q = 0 and π1 = 0, as the surfaces of Dolgachev [31]
and Barlow [12] demonstrate.

In this section we study the Quillen–Lichtenbaum range of some surfaces,
not to shed light on the rationality problem, but to get a feeling for how to
use our spectral sequence, and because they will come up later in connection
with 3-folds and 4-folds.

2.1 Analysis of the spectral sequence

The spectral sequence from Theorem 1.6 relates (K/τ)∗(X,Z/m) to the
groups H i(Hj

X(Z/m)). We will get our hands on the latter using two tools.

First, we will relate them to H i(Hj
X(Z)) using a result of Colliot-Thélène

and Voisin [25, Thm. 3.1], which they deduced from the norm residue
theorem using an argument of Bloch and Srinivas [19, Thm. 1(ii)] [17,
Rmk. 5.8]: the sheaves Hj

X(Z) are torsion-free, so the long exact sequence in

H∗
X coming from 0 → Z ·m−→ Z → Z/m→ 0 splits into short exact sequences

0 → Hj
X(Z)

·m−→ Hj
X(Z) → Hj

X(Z/m) → 0,
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which in turn give long exact sequences

0 → H0(Hj
X(Z))

·m−→ H0(Hj
X(Z)) → H0(Hj

X(Z/m))

→ H1(Hj
X(Z))

·m−→ H1(Hj
X(Z)) → H1(Hj

X(Z/m)) → · · · (16)

for each j.
Second, we use the Bloch–Ogus–Leray spectral sequence

Ep,q
2 = Hp(Hq

X(A)) =⇒ Hp+q
sing (X,A). (17)

The resulting filtration on H∗
sing(X,A) is the coniveau filtration. The E2

page looks like (6) above, but upside down (so the differentials go a different
way), and we will use Z coefficients rather than Z/m. In addition to the
vanishing of H i(Hj

X(A)) for i > j and j > d, we will need [18, Cor. 7.4] which
says that H i(Hi

X(Z)) is the quotient of CH i(X) by algebraic equivalence,
and the resulting edge map to H2i(X,Z) is the cycle class map.

Theorem 2. Let X be a smooth complex projective surface.

(a) dimQL(X) ≤ 1 if and only the geometric genus pg = 0, and H3(X,Z)
is torsion-free.

(b) dimQL(X) = 0 if and only if in addition, the irregularity q = 0.

Proof. We see that the E2 page of the Bloch–Ogus–Leray spectral sequence
(17) with Z coefficients looks like this:12

2
H2(X,Z)

NS(X)
H3(X,Z) Z

1 H1(X,Z) NS(X)

q = 0 Z

p = 0 1 2

(a) From (7) we have

(K/τ)2(X,Z/m) = H0(H2
X(Z/m)).

12For the benefit of any topologists reading, we recall that the Néron–Severi group
NS(X) is the image of c1 : Pic(X) → H2(X,Z).
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From the long exact sequence (16) we see that this fits into a short exact
sequence

0 → H2(X,Z)

NS(X)
⊗ Z/m→ H0(H2

X(Z/m)) → m-tors(H3(X,Z)) → 0.

By the Lefschetz theorem on (1, 1) classes, H2(X,Z)/NS(X) is a free Abelian
group, and it vanishes if and only if pg = 0. Thus we see that (K/τ)2(X,Z/m) =
0 for all m if and only if pg = 0 and H3(X,Z) is torsion-free.

(b) Now NS(X) = H2(X,Z) is torsion-free by the universal coefficient
theorem, and by Hodge theory we have H1(X,Z) = Z2q and H3(X,Z) =
Z2q, so from the long exact sequence (16) we find that H1(H2

X(Z/m)) =
(Z/m)2q and H0(H1

X(Z/m)) = (Z/m)2q. Thus the exact sequence (8)
becomes

0 → (Z/m)2q → (K/τ)1(X,Z/m) → (Z/m)2q → Z/m,

from which we see that (K/τ)1(X,Z/m) = 0 if and only if q = 0.

2.2 Enriques surfaces

An Enriques surface X is the quotient of a K3 surface by a free involution.
It has pg = q = 0 but H1 = Z/2, so dimQL(X) = 2: that is, the map
Kn(X,Z/m) → KU−n(X,Z/m) is injective but not surjective for n = 0 and
some m, in fact m = 2. Let us take a moment to see what the maps looks
like explicitly.

The integral cohomology of an Enriques surface is

H i(X,Z) =



Z i = 0

0 i = 1

Z10 ⊕ Z/2 i = 2

Z/2 i = 3

Z i = 4,

and the Atiyah–Hirzebruch spectral sequence gives

KU even(X) = Z12 ⊕ Z/2 KUodd(X) = Z/2.

Most of the details are given in [4, §1]; to finish the calculation of KU0,
one observes that the edge map H4(X,Z) ↪→ KU0(X) is split by the
pushforward KU0(X) → KU0(point).
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The long exact sequence

· · · → KU0(X)
2−→ KU0(X) → KU0(X,Z/2) → KU1(X)

2−→ KU1(X) → · · ·
(18)

gives a short exact sequence

0 → KU0(X)/2 → KU0(X,Z/2) → 2-tors(KU1(X)) → 0, (19)

which is split by [6, Cor. 2.8], so for an Enriques surface it reads

0 → (Z/2)13 → (Z/2)14 → Z/2 → 0.

For algebraic K-theory, we have simply K0(X,Z/2) = K0(X)/2, so by
Lemma 2.2 below, the comparison map K0(X,Z/2) → KU0(X,Z/2) is
identified with the first map of (19). This is indeed injective and not
surjective, and we have seen how the cokernel came from the torsion in
H3(X,Z).

We conclude with the surprising twisted example promised in §1.5.

Proposition 2.1. If X is a (complex) Enriques surface and α is the non-
zero element of Br(X) = H3(X,Z) = Z/2, then dimQL(X,α) = 0.13

Proof. Because X is a surface and α is 2-torsion, α is represented by an
étale P1 bundle π : P → X. We saw in §1.2 that

K∗(P ) = K∗(X) ⊕K∗(X,α),

and similarly with KU and with Z/m coefficients.
By Corollary 1.10 we have dimQL(X,α) ≤ 2, so prove that dimQL(X,α) =

0 we must show that the comparison mapK0(X,α,Z/m) → KU0(X,α,Z/m)
is surjectve as well as injective, and that KU1(X,α,Z/m) = 0.

We see that the 3-fold P satisfies the hypotheses of Lemma 2.2 below,
so the comparison map K0(P )/m → KU0(P )/m is an isomorphism, so
K0(X,α)/m → KU0(X,α)/m is an isomorphism. From the α-twisted
analogue of the long exact sequence (18), we see it is enough to prove that
KU1(X,α) = 0 and KU2(X,α) is torsion-free.

From the Gysin sequence

· · · → H i(X,Z)
π∗
−→ H i(P,Z)

π∗−→ H i−2(X)
·α−→ H i+1(X) → · · ·

13We wonder whether Db
coh(X,α) admits a full exceptional collection.
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we find that

H i(P,Z) =



Z i = 0

0 i = 1

Z11 ⊕ Z/2 i = 2

0 i = 3

Z11 i = 4

Z/2 i = 5

Z i = 6.

Here the only tricky step is in determining that the extension

0 → Z → H4(P,Z) → Z10 ⊕ Z/2 → 0

is not split; this is because the torsion in H4(P,Z) is isomorphic to the
torsion in H3(P,Z) = H3(P,Z) = 0.

The Atiyah–Hirzebruch spectral sequence for P degenerates at the E2

page, and the filtration splits: in running the spectral sequence and solving
the extension problem, we can only lose torsion, but KU∗(P ) contains
KU∗(X) as a direct summand, so all the torsion must survive by our earlier
calculation of KU∗(X). Thus

KU even(P ) = Z24 ⊕ Z/2 KUodd(P ) = Z/2,

and thus

KU even(X,α) = Z12 KUodd(X,α) = 0

as desired. This agrees with the calculation of KUodd(X,α) in [4, §1] using
the twisted Atiyah–Hirzebruch spectral sequence.

Lemma 2.2. Let X be a complex projective surface with h2,0 = 0, or
a uniruled 3-fold with h2,0 = 0. Then the comparison map K0(X) →
KU0(X) is surjective, and its kernel is divisible, so it induces an isomor-
phism K0(X)/m→ KU0(X)/m for all m.

Proof. First we argue that the cycle class maps CH i(X) → H2i(X,Z) are
surjective for all i, and that their kernels CH i(X)hom are divisible. For i = 0
this is clear. For i = 1 it is surjective because we assumed that h2,0 = 0, and
CH1(X)hom = Pic0(X) is always divisible. For i = dimX it is surjective,
and CH0(X)hom = CH0(X)alg is always divisible. For uniruled 3-folds and
i = 2, it is surjective by Voisin’s [87, Thm. 2], and CH1(X)hom is the same
as CH1(X)alg by Bloch and Srinivas’s [19, Thm. 1(ii)], so it is divisible.
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Now take the filtration by codimension of support,

· · · ⊂ F 2 ⊂ F 1 ⊂ F 0 = K0(X).

By [35, Ex. 15.1.5 and 15.3.6], there is a surjection

CH i(X) ↠ F i/F i+1

for each i, which is an isomorphism for i ≤ 2 and whose kernel is 2-torsion
for i = 3. When X is a surface, the Atiyah–Hirzebruch spectral sequence
collapses by [4, proof of Prop. 1.1], and when X is a threefold it collapses by a
similar argument, so it gives a filtration on KU0(X) whose associated graded
pieces are H2∗(X,Z). The comparison map K0(X) → KU0(X) is compati-
ble with the filtrations, and the resulting maps CH i(X) → H2i(X,Z) are the
cycle class maps. Since these are surjective, we find that K0(X) → KU0(X)
is surjective. Moreover the kernel of K0(X) → KU0(X) is filtered, and we
find that its associated graded pieces are quotients of CH i(X)hom; since
the latter are divisible, we find that the kernel of K0(X) → KU0(X) is
divisible.

2.3 Barlow and Dolgachev surfaces

Barlow surfaces are the only known surfaces of general type with pg = q = 0
and H1(X,Z) = 0. Thus they satisfy dimQL(X) = 0 but are not rational,
so Quillen–Lichtenbaum dimension does not give a complete obstruction to
raitonality even in dimension 2.

Böhning, von Bothmer, Katzarkov, and Sosna [21] showed that the
derived category of a generic determinantal Barlow surface admits a semi-
orthogonal decomposition

Db
coh(X) = ⟨AX , L1, . . . , L11⟩,

where L1, . . . , L11 are exceptional line bundles and AX is a “phantom cat-
egory,” meaning that it is non-zero but its Hochschild homology and K0

vanish. In fact the K-motive of AX vanishes, as Sosna showed in [79,
Cor. 4.9], so Kn(AX) = 0 for all n. But the Hochschild cohomology of
AX does not vanish.

We can re-prove that Kn(AX) = 0 for all n as follows; the hypothesis
dimQL(AX) ≤ 0 follows from Proposition 1.2.

Proposition 2.3. Let X be a smooth complex projective variety and A ⊂
Db

coh(X) be an admissible subcategory. If K0(A) = 0 and dimQL(A) ≤ 0,
then Kn(A) = 0 for all n.
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Proof. The hypothesis dimQL(A) = 0 gives

K0(A,Z/m) = K2(A,Z/m) = K4(A,Z/m) = · · ·
K−1(A,Z/m) = K1(A,Z/m) = K3(A,Z/m) = · · ·

for allm. ButK0(A,Z/m) = K0(A)/m = 0 by hypothesis, andKn(A,Z/m) =
0 for n < 0, so Kn(A,Z/m) = 0 for all n. From the long exact sequence

· · · → Kn+1(A,Z/m) → Kn(A)
·m−→ Kn(A) → Kn(A,Z/m) → · · ·

we see that Kn(A) is a torsion-free divisible group for all n, so Kn(A) =
Kn(A,Q). On the other hand, Gorchinskiy and Orlov proved in [38, Thm. 5.5]
that K0(A,Q) = 0 implies Kn(A,Q) = 0 for all n.

The same analysis applies to Dolgachev surfaces, which are surfaces
of Kodaira dimension 1 with pg = q = 0 and H1(X,Z) = 0. Cho and
Lee proved in [24, Thm. 1.4] that for well-chosen parameters, the derived
category decomposes into an exceptional collection of 12 line bundles and a
phantom category.

3 Rationally connected 3-folds

Because we were originally motivated by questions of rationality, we restrict
our attention to rationally connected varieties from here on. This simplifies
our analysis by killing some unramified cohomology groups.

3.1 Analysis of the spectral sequence

The following result uses the same ingredients as [25, Prop. 6.3], but we give
all the details as a model for our study of 4-folds in §4.1.

Theorem 3. Let X be a smooth complex projective 3-fold that is rationally
connected.

(a) dimQL(X) ≤ 2

(b) dimQL(X) ≤ 1 if and only if H3(X,Z) is torsion-free.

(c) dimQL(X) = 0 if and only if H3(X,Z) = 0.
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Proof. First we argue that the E2 page of the Bloch–Ogus–Leray spectral
sequence (17) with Z coefficients looks like this:

3 0 0 0 Z

2 0 H3(X,Z)
CH2(X)

alg. equiv.

1 0 NS(X)

q = 0 Z

p = 0 1 2 3

In the column p = 0, we have H0(Hq
X(Z)) = 0 for q > 0 by [25,

Prop. 3.3(i)], because CH0(X) = Z. Thus the diffentials vanish.
The diagonal p + q = 4 gives a 2-step filtration of H4(X,Z) where the

sub-object is H2(H2
X(Z)), which we have seen is CH2(X) modulo algebraic

equivalence, so the quotient H1(H3
X(Z)) is the cokernel of the cycle class

map CH2(X) → H4(X,Z). But a rationally connected variety is uniruled
[29, Cor. 4.11 and Cor. 4.17(b)], so this cycle class map is surjective by
Voisin’s [87, Thm. 2].

On the diagonal p + q = 5, we have H5(X,Z) = 0 because rationally
connected varieties are simply connected [29, Cor. 4.18(c)].

Thus we have justified the E2 page given above.

(a) From (7) we have

(K/τ)3(X,Z/m) = H0(H3
X(Z/m)),

and from the long exact sequence (16) we see that this vanishes.

(b) The exact sequence (8) reads

0 → H1(H3
X(Z/m)) → (K/τ)2(X,Z/m) → H0(H2

X(Z/m)) → H2(H3
X(Z/m)).

From the long exact sequence (16) and the E2 page above we find that
H1(H3

X(Z/m)) = 0 and H2(H3
X(Z/m)) = 0, so

(K/τ)2(X,Z/m) = H0(H2
X(Z/m)) = m-tors(H3(X,Z)).

Thus (K/τ)2(X,Z/m) = 0 for all m if and only if H3(X,Z) is torsion-free.

(c) Now the comparison maps Kn(X,Z/m) → KU−n(X,Z/m) are iso-
morphisms for n ≥ 0 and injective for n = −1. We always have K<0 = 0, so
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we will have dimQL(X) = 0 if and only if KU1(X,Z/m) = 0 for all m. We
know that H1(X,Z) = 0 and H3(X,Z) is torsion-free, so all of H∗(X,Z) is
torsion-free by Poincaré duality and the universal coefficient theorem. Using
the Atiyah–Hirzebruch spectral sequence we find that KU∗(X) is torsion-
free and KU1(X) = H3(X,Z), so KU1(X,Z/m) = KU1(X)/m vanishes if
and only if H3(X,Z) = 0.

3.2 Artin–Mumford 3-folds

Artin and Mumford [8] constructed a unirational 3-fold X with H3(X,Z) =
Z/2 by taking the quartic surface cut out by the determinant of a general
4 × 4 symmetric matrix of linear forms, taking the double cover of P3

branched over that surface, and blowing up the 10 ordinary double points.
By Theorem 3 we have dimQL(X) = 2.

Again this means that the map Kn(X,Z/2) → KU−n(X,Z/2) is injec-
tive but not surjective for n = 0, and it is an interesting exercise to see
so directly as we did for Enriques surfaces in §2.2. The similarity between
Artin–Mumford 3-folds and Enriques surfaces is no coincidence: Hosono and
Takagi [46, §1.2], building on work of Ingalls and Kuznetsov [50, Thm. 4.3],
showed that if the determinantal quartic surface does not contain a line,
then there is a semi-orthogonal decomposition

Db
coh(X) = ⟨Db

coh(S), E1, . . . , E12⟩

where S is an Enriques surface and E1, . . . , E12 are exceptional sheaves.
Thus the fact that dimQL(X) = dimQL(S) = 2 agrees with Proposition 1.2.

In analogy Proposition 2.1, wonder whether dimQL(X,α) < 2, where
α is the non-zero element of Br(X) = H3(X,Z) = Z/2. We also wonder
whether Db

coh(X,α) has any relation to the twisted derived category of an
Enriques surface.

3.3 Fano 3-folds

Iskovskikh classified Fano 3-folds of Picard rank 1 into 17 deformation
classes, and Mori and Mukai classified those of higher Picard rank into a
further 88 deformation classes. In every case, H3(X,Z) is torsion-free [52,
p. 168], so they all satisfy dimQL ≤ 1 by Theorem 3. Beauville’s survey
paper [13, §2.3] summarizes the situation with rationality in Picard rank 1:
in eight of the 17 families, every member is rational; in seven, every member
is irrational; and in two, the generic member is irrational. Belmans’ online
database [14] contains a wealth of information in all Picard ranks.
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Kuznetsov has studied derived categories of Fano 3-folds of Picard rank
1 in depth; see [61, §2.4] for a survey and references. In the eight families
where every member is rational, he has produced either an exceptional
collection of length four, or a semi-orthogonal decomposition consisting of
two exceptional bundles and the derived category of a curve. In six of the
other families, he has identified an admissible subcategory AX ⊂ Db

coh(X),
now called the Kuznetsov component, as the orthogonal to an exceptional
collection of length 2; the Hochschild homology of AX looks like that of a
curve, although the Hochschild cohomology does not [56, Thm. 8.9], nor does
the Serre functor. In the remaining three families, the Kuznetsov component
AX is just defined as the orthogonal to the structure sheaf OX , and its
Hochchild homology is like a curve except that hh0 = 3 rather than 2.

Here we observe that the K-theory of AX also looks like that of a curve.
By Proposition 1.2, dimQL(AX) ≤ 1. With Z coefficients, the K-theory of a
(smooth complex projective) curve C of genus g looks like

Kn(C) =


Z2 ⊕ J(X) if n = 0,

(Q/Z)2 ⊕Kn(X,Q) if n is odd and n ≥ 1, and

(Q/Z)2g ⊕Kn(X,Q) if n is even and n ≥ 2,

where J(X) is the Jacobian of X, which is a principally polarized Abelian
g-fold; for n = 0 this is well-known, and for n ≥ 1 it was proved by Pedrini
and Weibel [70, Thm. 3.2], or see Proposition 1.11.

Proposition 3.1. With reference to [61, Table 1],

(a) If X is one of the Fano 3-folds X14, V3, X10, dS4, V2,3, or V
1,1,1,2,3
6

and AX ⊂ Db
coh(X) is Kuznetsov’s subcategory, then

Kn(AX) =


Z2 ⊕ IJ(X) if n = 0,

(Q/Z)2 ⊕Kn(X,Q) if n is odd and n ≥ 1, and

(Q/Z)2g ⊕Kn(X,Q) if n is even and n ≥ 2,

where 2g = b3(X) and IJ(X) is the intermediate Jacobian H2,1(X)/H3(X,Z),
which is a principally polarized Abelian g-fold.

(b) If X is V2,2,2, V4, or dS6, then

Kn(AX) =


Z3 ⊕ IJ(X) if n = 0,

(Q/Z)3 ⊕Kn(X,Q) if n is odd and n ≥ 1, and

(Q/Z)2g ⊕Kn(X,Q) if n is even and n ≥ 2.
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Proof. First, the Chow groups of X are given by

CH i(X) =


Z i=0,

Z i=1,

Z⊕ IJ(X) i=2,

Z i=3.

For cubic 3-folds (denoted V3 above) this is [49, §7.4.1], and for the others
the proof is similar, using Bloch and Srinivas’s [19, Thm. 1].

Next we claim that

K0(X) = Z4 ⊕ IJ(X). (20)

This follows from Pedrini and Weibel’s [69, Example 6.1.2], but we give the
details a little more carefully.

Take the filtration by codimension of support,

0 = F 4 ⊂ F 3 ⊂ F 2 ⊂ F 1 ⊂ F 0 = K0(X).

By [35, Ex. 15.1.5 and 15.3.6], there is a surjection

CH i(X) ↠ F i/F i+1

which is an isomorphism for i ≤ 2 and whose kernel is 2-torsion for i = 3.
In this case is an isomorphism for all i, because CH3(X) is torsion-free.

The inclusion of F 3 = Z in K0(X) is split by the Euler characteristic
χ : K0(X) → Z, so we must have F 2 = Z2⊕IJ(X). The rest of the filtration
must split as well because the quotients F 1/F 2 and F 0/F 1 are free Abelian
groups. Thus (20) is established.

In case (a) we have

K0(X) = K0(AX) ⊕K0(C)⊕2 = K0(AX) ⊕ Z2,

so we must have
K0(AX) = Z2 ⊕ IJ(X)

because there are no non-zero maps IJ(X) → Z. In case (b) we have
K0(X) = K0(AX)⊕K0(C), so K0(AX) = Z3⊕IJ(X) by the same reasoning.

The cohomology of X is torsion-free, as we have seen, so the Atiyah–
Hirzebruch spectral sequence degenerates and gives

KU even(X) = Z4 KU even(X) = Z2g.
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In case (a) we again have KU∗(X) = KU∗(AX) ⊕KU∗(point)⊕2, so

KU even(AX) = Z2 KU even(AX) = Z2g

and in case (b) we get KU even(AX) = Z3. Thus K≥1(AX) follows from
Proposition 1.11.

3.4 Enriques categories

For an Enriques surface X, the canonical bundle ωX satisfies ω⊗2
X = OX

but ωX ̸= OX ; thus on the derived category Db
coh(X), the Serre functor

SX = −⊗ωX [2] satisfies S2
X = [4] but SX ̸= [2]. The Kuznetsov components

of some Fano 3-folds enjoy the same property: the main examples [73, §3.3]
are quartic double solids, which were denoted dS4 earlier; Gushel–Mukai 3-
folds, which were denotedX10; and Verra 3-folds, which are typically divisors
of bidegree (2, 2) in P2×P2, so they have Picard rank 2, but like the first two
they are irrational [52, §12.3]. Perry, Pertusi, and Zhao [73] have studied
moduli spaces of Bridgeland-stable objects in these categories, which behave
like moduli space of Bridgeland-stable objects on Enriques surfaces.

We remark that in each case, the Enriques category AX ⊂ Db
coh(X)

has dimQL(AX) = 1 by Theorem 3 and Proposition 1.2, in contrast to the
derived category of an actual Enriques surface where dimQL(S) = 2 as we
saw in §2.2. On the other hand, the derived category of twisted sheaves on
an Enriques surface is an Enriques category, and we saw in Proposition 2.1
that dimQL(S, α) = 0. We are not aware of any work on moduli spaces of
twisted sheaves on Enriques surfaces; perhaps they are similar to moduli
spaces of untwisted sheaves.

4 Rationally connected 4-folds

Now we come to our main results.

4.1 Analysis of the spectral sequence

Theorem 4. Let X be a smooth complex projective 4-fold that is rationally
connected.

(a) dimQL(X) ≤ 3 if and only if algebraic and homological equivalence
coincide on CH1(X), and in the coniveau filtration

N2H5(X,Z) ⊂ N1H5(X,Z) = H5(X,Z),

the inclusion is an equality.
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(b) dimQL(X) ≤ 2 if and only if in addition, the integral Hodge conjecture
holds for H4(X,Z) and H6(X,Z).

(c) If in addition h1,3(X) = 0, and H5(X,Z) and H3(X,Z) are torsion-
free, then dimQL(X) ≤ 1.

(c′) If dimQL(X) ≤ 1 then h1,3(X) = 0, and H5(X,Z) is torsion-free.

Proof. First we argue that the E2 page of the Bloch–Ogus–Leray spectral
sequence (17) with Z coefficients looks like this:

4 0 H1(H4
X(Z))

++

H6(X,Z)

alg. classes
0 Z

3 0
H4(X,Z)

alg. classes
N2H5(X,Z)

CH3(X)

alg. equiv.

2 0 H3(X,Z)
CH2(X)

alg. equiv.

1 0 NS(X)

q = 0 Z

p = 0 1 2 3 4

As in the proof of Theorem 3, we have H0(Hq
X(Z)) = 0 for q > 0 by [25,

Prop. 3.3(i)].
The diagonal p+ q = 4 again gives a 2-step filtration of H4(X,Z) where

the sub-object is CH2(X) modulo algebraic equivalence, so the quotient
H1(H3

X(Z)) is the cokernel of the cycle class map CH2(X) → H4(X,Z),
but now this cycle class map need not be surjective.

The diagonal p+q = 6 is similar; the differential mapping to H3(H3
X(Z))

might not be zero, but the quotient of the 2-step filtration on H6(X,Z) is
still the cokernel of the cycle class map CH3(X) → H6(X,Z).

On the diagonal p + q = 7, we again have H7(X,Z) = 0 because X is
simply connected.

Thus we have justified the E2 page shown above.

(a) From (7) we have

(K/τ)4(X,Z/m) = H0(H4
X(Z/m)).

Because CH0(X) = Z, we know thatH1(H4
X(Z)) is torsion by [25, Prop. 3.3(ii)],

so from the long exact sequence (16) we see that H0(H4
X(Z/m)) = 0 for all

m if and only if H1(H4
X(Z)) = 0.
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Looking at the diagonals p+ q = 5 and p+ q = 6 in our E2 page above,
we get an exact sequence

0 → N2H5(X,Z) → H5(X,Z) → H1(H4
X(Z)) → CH3(X)

alg. equiv.
→ H6(X,Z),

(21)
so H1(H4

X(Z)) = 0 if and only the first map is an isomorphism and the
last is injective; but the kernel of the last map is exactly the quotient of
homologically trivial cycles by algebraically trivial ones.

Thus we have proved that (K/τ)4(X,Z/m) = 0 for all m if and only alge-
braic and homological equivalence coincide on CH3(X), and N2H5(X,Z) =
H5(X,Z).

(b) We have H3(H4
X(Z)) = 0 and now H1(H4

X(Z)) = 0, so knowing
that H2(H4

X(Z)) is torsion and finitely generated (because it is a quotient
of H6(X,Z)), we see from the long exact sequence (16) that the following
are equivalent:

� H1(H4
X(Z/m)) = 0 for all m,

� H2(H4
X(Z)) = 0,

� H2(H4
X(Z/m)) = 0 for all m.

The exact sequence (8) reads

0 → H1(H4
X(Z/m)) → (K/τ)3(X,Z/m) → H0(H3

X(Z/m)) → H2(H4
X(Z/m)),

so we see that (K/τ)3(X,Z/m) = 0 for all m if and only if H2(H4
X(Z)) = 0

and H0(H3
X(Z/m)) = 0 for all m. The first is equivalent to saying that

the cycle class map CH3(X) → H6(X,Z) is surjective. The second is
equivalent to saying that H1(H3

X(Z)) is torsion-free, or that the cokernel
of the cycle class map CH2(X) → H4(X,Z) is torsion-free. The (rational)
Hodge conjecture holds for rationally connected (or just uniruled) 4-folds
[26], so this last condition is exactly the integral Hodge conjecture.

(c) and (c′) Now the long exact sequence (16) gives

H0(H2
X(Z/m)) = m-tors(H3(X,Z))

and

0 → H4(X,Z)

alg. classes
⊗ Z/m→ H1(H3

X(Z/m)) → m-tors(H5(X,Z)) → 0.
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We have seen that the integral Hodge conjecture holds, so the first term
vanishes if and only if H4(X,Z) is generated by algebraic classes, which is
true if and only if h1,3 = 0.

From the E2 page (6) and the vanishing of various H i(Hj
X(Z/m)) estab-

lished earlier, we get an exact sequence

0 → H1(H3
X(Z/m)) → (K/τ)2(X,Z/m) → H0(H2

X(Z/m)) → H2(H3
X(Z/m)).

Now (c) amounts to saying that if H1(H3
X(Z/m)) = 0 and H0(H2

X(Z/m)) =
0 then (K/τ)2(X,Z/m) = 0, and (c′) amounts to saying that if (K/τ)2(X,Z/m) =
0 then H1(H3

X(Z/m)) = 0.

4.2 Cubic and Gushel–Mukai 4-folds

Many smooth cubic hypersurfaces X ⊂ P5 are known to be rational, and
a very general one is expected to be irrational, although none has yet
been proven to be irrational. Kuznetsov [59] introduced a semi-orthogonal
decomposition

Db
coh(X) = ⟨AX ,OX ,OX(1),OX(2)⟩,

where AX behaves like a non-commutative K3 surface; it has been heavily
studied in connection with hyperkähler geometry as well as classical ratio-
nality questions.

A Gushel–Mukai 4-fold is either a smooth intersection of the Grassman-
nian Gr(2, 5) ⊂ P9 with a hyperplane and a quadric, or the double cover of
the intersection of two hyperplanes in Gr(2, 5) branched over its intersection
with a quadric. The interest in GM 4-folds stems from their remarkable
similarity to cubic 4-folds, with connections to K3 surfaces and hyperkähler
varieties through their cohomology, derived categories of coherent sheaves,
and various geometric constructions [28]. The situation with rationality is
also the same: some GM 4-folds are known to be rational, and the very
general one is expected to be irrational, but none has yet been proven to be
irrational. There are also GM 4-folds that are expected to be irrational and
are birational to cubic 4-folds [62, Thm. 5.8]. The Kuznetsov component for
a GM 4-fold is defined by a semi-orthogonal decomposition

Db
coh(X) = ⟨AX , UX ,OX , UX(1),OX(1)⟩,

where UX is the restriction (or pullback) of the universal rank 2 bundle from
Gr(2, 5).

Proposition 4.1. Every (smooth complex) cubic 4-fold or Gushel–Mukai
4-fold X has dimQL(X) = 2.
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Proof. We have h1,3(X) = 1, so dimQL(X) ≥ 2 by Theorem 4(c′).
To see that dimQL(X) ≤ 3, we can apply Proposition 1.9 and Corollary

1.4: a cubic 4-fold is birational to a conic fibration by projecting from a line
in X onto a complementary P3, and a GM 4-fold is birational to a conic
fibration by [30, §3] or [74, §2.1].14

We give another proof that a cubic 4-fold has dimQL(X) ≤ 3, using The-
orem 4(a). Shen proved that CH1(X) is generated by lines [78, Thm. 1.1],
and Tian and Zong gave another proof [84, Thm. 1.7], so if F denotes
the variety of lines on X, then the cylinder map CH0(F ) → CH1(X) is
surjective; homological and algebraic equivalence coincide on CH0(F ), so
they coincide on CH1(X) as well. And we have H5(X,Z) = 0 by the
Lefschetz hyperplane theorem.

Now to see that dimQL(X) ≤ 2 in both cases, we use Theorem 4(b). The
integral Hodge conjecture for H4 of cubic 4-folds was proved by Voisin [88,
Thm. 18], and later re-proved by Mongardi and Ottem [67, Cor. 0.3], and
by Perry who also proved it for GM 4-folds [72, Cor. 1.2]. And in both cases
H6(X,Z) = Z is generated by the class of a line.

Thus it seems that higher K-theory gives no obstruction to the ratio-
nality of a general cubic 4-fold, which was the original motivation for this
paper. But we can recast this birational disappointment into a positive
statement, and describe the higher K-theory of Kuznetsov’s K3 category
AX as completely as we can that of an honest K3 surface.

If S is a (complex) K3 surface, then

Kn(S) =


Zr+2 ⊕ CH0(S)hom if n = 0,

(Q/Z)24 ⊕Kn(S,Q) if n is odd and n ≥ 1, and

Kn(S,Q) if n is even and n ≥ 2,

where r = rank(NS(X)) and CH0(S)hom = CH0(S)alg is uniquely divisible
by Roitman’s theorem. For n = 0 this is [48, Cor. 12.1.5], and for n ≥ 1
it follows from Pedrini and Weibel’s [70, Example 6.7], or see Proposition
1.11. The K-theory of AX is entirely similar:

Theorem 7(b). Let X be a (smooth complex) cubic 4-fold, and let AX ⊂
Db

coh(X) be Kuznetsov’s K3 category. Then

Kn(AX) =


Zr+1 ⊕ CH1(X)hom if n = 0,

(Q/Z)24 ⊕Kn(AX ,Q) if n is odd and n ≥ 1, and

Kn(AX ,Q) if n is even and n ≥ 2,

14We thank Lie Fu for this argument.
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where r = rank(H4(X,Z) ∩ H2,2(X)) and CH1(X)hom = CH1(X)alg is
uniquely divisible.

The same holds for a GM 4-fold with Zr in place of Zr+1.

Proof. The Chow groups of a cubic 4-fold X are given in [49, §7.4.1]:

CH i(X) =



Z i = 0,

Z i = 1,

Zr i = 2,

Z⊕ CH1(X)hom i = 3,

Z i = 4.

We saw in the proof of Proposition 4.1 that that CH1(X)hom = CH1(X)alg,
so it is a divisible group. One can deduce that it is torsion-free from a careful
geometric analysis of the kernel of the cylinder map (see [49, Rmk. 7.4.1(ii)]),
or more simply from Proposition 4.2 below.

The Chow groups of a GM 4-fold admit an identical description: we
can emulate the computation in [49, §7.4.1], saying that Pic(X) = Z by the
Lefschetz hyperplane theorem, that the cycle map CH2(X) → H4(X,Z) ∩
H2,2(X) is injective by Bloch–Srinivas [19] and surjective by Perry’s veri-
fication of the integral Hodge conjecture [72, Cor. 1.2], that CH1(X)alg =
CH1(X)hom by Proposition 4.1, and that this is torsion-free by Proposition
4.2 below. Recall that CHk(X)alg is always divisible [17, Lec. 1, Lem. 1.3].

Next we compute K0(X). As in the proof of Proposition 3.1, we have
the filtration by codimension of support,

0 = F 5 ⊂ F 4 ⊂ F 3 ⊂ F 2 ⊂ F 1 ⊂ F 0 = K0(X),

and a surjection
CH i(X) ↠ F i/F i+1

which is an isomorphism for i ≤ 2 and whose kernel is 2-torsion for i = 3 and
6-torsion for i = 4, by [35, Ex. 15.3.6]. Thus it is an isomorphism for all i in
this case, because we have seen that CH∗(X) is torsion-free. The inclusion
of F4 = Z in K0(X) is split by the Euler characteristic χ : K0(X) → Z, and
the rest of the filtration must be split because the quotients are free Abelian
groups at every step. Thus we get

K0(X) = Zr+4 ⊕ CH1(X)hom.

For a cubic 4-fold, we have

K0(X) = K0(AX) ⊕K0(C)⊕3,
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so as in proof of Proposition 3.1 we must have

K0(AX) = Zr+1 ⊕ CH1(X)hom

because there are no non-zero maps from the divisible group CH1(X)hom to
Z. For a GM 4-fold it is the same but with K0(C)⊕4.

For the higher K-theory, we have KU even(X) = Z27 for a cubic 4-fold or
Z28 for a GM 4-fold, and KUodd(X) = 0 in both cases, so KU even(AX) =
Z24 and KUodd(AX) = 0. Thus K≥1(AX) follows from Proposition 1.11.

Proposition 4.2. Let X be a smooth complex projective variety with CH0(X) =
Z. If H5(X,Z) = 0, then CH3(X)alg is torsion-free. If H3(X,Z) = 0, then
CH1(X)alg is torsion-free.

Proof. Let d = dimX. By Poincaré duality we haveH2d−3(X,Z) = H3(X,Z),
and by definition CHd−1(X) = CH1(X).

Ma proved in [65, Thm. 5.1] that the torsion in CHp(X)alg is a quotient
of Hp−1(Hp

X(Z)) ⊗ Q/Z. The Bloch–Ogus–Leray spectral sequence yields
exact sequences

0 → H0(H4
X(Z)) → H2(H3

X(Z)) → H5(X,Z)

0 → Hd−4(Hd
X(Z)) → Hd−2(Hd−1

X (Z)) → H2d−3(X,Z).

If H5(X,Z) = 0 then H2(H3
X(Z)) = H0(H4

X(Z)), but if CH0(X) = Z then
this vanishes [25, Prop. 3.3(i)], which proves the first claim. IfH2n−3(X,Z) =
0 thenHd−2(Hd−1

X (Z)) = Hd−4(Hd
X(Z)), which is torsion by [25, Prop. 3.3(ii)],

so after tensoring with the divisible group Q/Z it becomes zero, which proves
the second claim.

We give another proof, due to Claire Voisin. In [91, Thm. 2.17] she
proved that if a variety X admits a Chow decomposition of the diagonal

∆X = X × x+ Z in CH4(X ×X),

where x is any point and Z is supported in D×X for some divisor D×X,
then the kernels of the Abel–Jacobi maps

CH3(X)hom → J5(X) := F 3H5(X,C)/H5(X,Z)

CHd−1(X)hom → J2d−3(X) := F d−1H2d−3(X,C)/H2d−3(X,Z)

are torsion-free. The same proof shows that if X admits a rational decom-
postion of the diagonal, meaning that

N∆X = N(X × x) + Z in CH4(X ×X)
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for some integer N , then the torsion in these kernels is annihilated by
N . We have CH0(X) = Z, so X admits a rational decomposition of
the diagonal by [19, Prop. 1]. If H5(X,Z) = 0 then J5(X) = 0, so the
torsion in CH3(X)hom has bounded order; thus the same is true of the
subgroup CH3(X)alg, but this is a divisible group, so its torsion must vanish.
Similarly, if H2d−3(X,Z) = 0 then CHd−1(X)alg is torsion-free.

4.3 Quartic 4-folds

Totaro showed that a very general quartic 4-fold is irrational [85, Thm. 2.1],
and even gave an explicit example of an irrational one defined over Q [85,
Example 3.1]. We do not know whether any smooth quartic 4-fold is rational.

We use Theorem 4 to see that every quartic 4-fold X satisfies 2 ≤
dimQL(X) ≤ 3, and a very general one satisfies dimQL(X) = 2:

� CH1(X) is generated by lines by [84, Thm. 1.7], so homological and
algebraic equivalence coincide by the same cylinder map argument as
in the proof of Proposition 4.1.

� H5(X,Z) = 0 by the Lefschetz hyperplane theorem.

� H6(X,Z) = Z is generated by the class of a line.

� If X is very general then H4(X,Z) ∩ H2,2(X) = Z · h2, where h ∈
H2(X,Z) is the hyperplane class. But if X is “Noether–Lefschetz
special” then we do not know whether integral Hodge conjecture holds
on H4(X,Z).

� h1,3(X) = 21.

4.4 Hassett, Pirutka, and Tschinkel’s 4-folds

In [42], Hassett, Pirtuka, and Tschinkel proved that a very general hyper-
surface of bidegree (2, 2) in P2×P3 is irrational, but many are rational, and
the rational ones form a dense subset of the moduli space (in the analytic
topology): in short, these hypersurfaces exhibit the behavior expected of
cubic 4-folds. In [43], they proved the same for complete intersections of 3
quadrics in P7. We verify that any smooth 4-fold X in either family has
dimQL(X) = 2.

On the one hand, we can check the hypotheses of Theorem 4. Algebraic
and homological equivalence coincide on CH1 as in the proof of Proposition
4.1: a (2, 2) divisor in P2 × P3 admits a conic fibration by projecting onto
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P3, and an intersections of three quadrics in P5 has CH1 generated by lines
by Tian and Zong’s [84, Thm. 1.7]. In both cases we have H5(X,Z) = 0
by the Lefschetz hyperplane theorem, and H6(X,Z) is generated by alge-
braic classes, either by hand or by [44, Thm. 1.7(ii)]. The integral Hodge
conjecture for H4(X,Z) is discussed in [42, Rmk .7] and [43, §2.3].

Alternatively, we can see that dimQL(X) = 2 using Proposition 1.2,
Corollary 1.10, and Kuznetsov’s results on derived categories of quadric
fibrations and intersections of quadrics [58], as follows. For a complete
intersection of three quadrics in P7, by [58, Thm. 5.5 and Prop. 3.13] there
is a semi-orthogonal decomposition

Db
coh(X) = ⟨Db

coh(S, α),OX ,OX(1)⟩,

where S is the double cover of P2 branched over a smooth octic curve and α
is a Brauer class of index 2; see also [2]. For a (2, 2) divisor in P2 × P3, the
projection onto P2 makes X into a quadric surface fibration degenerating
over an octic curve, and by [58, Thm. 4.2 and Prop. 3.13] there is a semi-
orthogonal decomposition

Db
coh(X) = ⟨Db

coh(S, α), OX(0, 1),OX(1, 1),OX(2, 1),

OX(0, 2),OX(1, 2),OX(2, 2)⟩,

where S is the double cover of P2 branched over the octic curve and α is
again a Brauer class of index 2.

4.5 Homological projective duality examples

In this section we prove:

Theorem 6. The following Fano 4-folds X satisfy the integral Hodge con-
jecture on H4(X,Z), and Griff1(X) = 0.

(a) Intersections of Gr(2, 7) with 6 general hyperplanes in the Plücker
embedding.

(b) “Pfaffian” 4-folds obtained as linear sections of the space of 7×7 skew-
symmetric matrix of rank 4.

(c) The linear sections of the double quintic symmetroid studied by Ottem
and Rennemo in [68].
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In each case we will describe the Fano 4-fold X in detail, and an associated
surface Y of a general type with h0,2(Y ) > 0. Kuznetsov’s homological
projective duality will give a semi-orthogonal decomposition of Db

coh(X) into
a copy of Db

coh(Y ) and three or four exceptional objects. Then Proposition
1.2 and Theorem 2(a) imply that dimQL(X) = 2, so Theorem 4(a) implies
that Griff1(X) = 0, and Theorem 4(b) implies that the integral Hodge
conjecture holds for H4(X,Z). (The statements from Theorem 4 about H5

and H6 are not interesting in these examples.)
Homological projective duality gives many other examples of 4-folds X

with semi-orthogonal decompositions that make dimQL(X) ≤ 2, but the
others that we found were already known to be rational.

4.5.1 Linear sections of Gr(2,7)

The Plücker embedding maps the 10-dimensional Gr(2, 7) into the P20 of
7 × 7 skew-symmetric matrices, identifying it with the set of matrices of
rank 2. Intersect Gr(2, 7) with 6 general hyperplanes to get a smooth
Fano 4-fold X. We can compute its Hodge diamond using the Lefschetz
hyperplane theorem and some Hirzebruch–Riemann–Roch calculations using
the Schubert2 package of Macaulay2 [39]:

1
0 0

0 1 0
0 0 0 0

0 6 57 6 0.
0 0 0 0

0 1 0
0 0

1

These Fano 4-folds are type (b7) in Küchle’s classification [55, §3].
The classical projective dual of Gr(2, 7) is the 17-dimensional space of

matrices of rank ≤ 4, which we denote Pf(4, 7); its singular locus is exactly
Gr(2, 7). Really we should be careful to distinguish between the P20 of
skew-symmetric maps V → V ∗, where V ∼= C7, and the dual P20 of skew-
symmetric maps V ∗ → V . Our 6 hyperplanes in the first P20 correspond to
6 points in the dual P20, which span a P5 that intersects Pf(4, 7) transversely
in a smooth surface Y of general type. Its Hodge diamond is

1
0 0

6 56 6.
0 0

1
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Kuznetsov’s [57, Thm. 4.1] gives a semi-orthogonal decomposition

Db
coh(X) = ⟨Db

coh(Y ),Sym2 UX , UX ,OX⟩

where UX is the restriction of the universal rank 2 bundle from Gr(2, 7).

4.5.2 Pfaffian 4-folds

Retain the set-up of the previous example, but now reverse the roles: let Y
be the intersection of Gr(2, 7) with 8 general hyperplanes, which is a smooth
surface of general type. Its Hodge diamond is

1
0 0

13 98 13.
0 0

1

The 8 hyperplanes in P20 correspond to 8 points in the dual P20, which span
a P7 that intersects Pf(4, 7) transversely in a smooth Fano 4-fold X. Its
Hodge diamond is

1
0 0

0 1 0
0 0 0 0

0 13 99 13 0.
0 0 0 0

0 1 0
0 0

1

Now [57, Thm. 4.1] gives a semi-orthogonal decomposition

Db
coh(X) = ⟨Db

coh(Y ), F ∗
0 |X , F ∗

1 |X ,OX⟩

where F0 and F1 are certain homogeneous bundles on Pf(4, 7) \ Gr(2, 7).

For another description of X, we can take the map Pf(4, 7)\Gr(2, 7) 99K
Gr(3, 7) that sends a rank-4 matrix to its kernel; this embeds X into Gr(3, 7)
as the first degeneracy locus of a general map O13 → Λ2Q, where Q is the
universal rank-4 quotient bundle.
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4.5.3 Ottem and Rennemo’s 4-folds

The P14 of 5 × 5 symmetric matrices is also stratified by rank, with the
dimension and degree of each stratum as shown:15

{rank = 1} ⊂ {rank ≤ 2} ⊂ {rank ≤ 3} ⊂ {rank ≤ 4} ⊂ P14

dim = 4 dim = 8 dim = 11 dim = 13
deg = 16 deg = 35 deg = 20 deg = 5

The rank 1 locus is identified P4 in its second Veronese embedding. The
rank ≤ 2 locus is identified with Sym2 P4. The rank ≤ 4 locus is called the
“quintic symmetroid.” Each stratum is smooth away from the one before.

The classical projective dual of Sym2 P4 is the rank ≤ 3 locus, but its
homological projective dual is the double cover of the quintic symmetroid
branched over the rank ≤ 3 locus; to be precise we need a non-commutative
resolution of singularities on both sides, but we will take linear sections
that avoid the singularities. Hosono and Takagi pioneered the study of
this example in a series of papers including [45], and Rennemo developed it
further in [77].

First we can intersect Sym2 P4 with 6 general hyperplanes to get a
smooth surface Y of general type with π1 = Z/2. Its Hodge diamond is

1
0 0

9 65 9.
0 0

1

Dually, we can intersect the quintic symmetroid with a P5 and take its
double cover branched over the rank ≤ 3 locus to get a smooth Fano 4-fold
X whose Hodge diamond is

1
0 0

0 1 0
0 0 0 0

0 9 67 9 0.
0 0 0 0

0 1 0
0 0

1

15Harris’s book [41] has a friendly discussion of this stratification in Example 22.31,
although he incorrectly gives the degree of the rank ≤ 3 locus as 10, and in Prop. 22.32
the n− k − α should be n− k − α+ 1.
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Ottem and Rennemo have studied this 4-fold in [68], proving thatH3(X,Z) =
Z/2. By [68, Prop. 4.3], there is a semi-orthogonal decomposition

Db
coh(X) = ⟨Db

coh(Y ), E1, E2, E3, E4⟩,

where E1, . . . , E4 are exceptional objects.

5 Cubic 5-folds

Nothing seems to be known about rationality of smooth cubic 5-folds; it
is reasonable to guess that most or all are irrational, but higher K-theory
sheds no light on the question:

Theorem 5. If X is a smooth cubic hypersurface of dimension 5 over C,
then dimQL(X) = 1.

Proof. Fu and Tian [34, Thm. 3] showed that the E2 page of the Bloch–
Ogus–Leray spectral sequence (17) with Z coefficients looks like this:

5 0 0 0 0 0 Z
4 0 0 0 0 Z

3 0 0 Z42 Z

2 0 0 Z
1 0 Z

q = 0 Z

p = 0 1 2 3 4 5

We immediately compute Hp(Hq
X(Z/m)) using the long exact sequence (16),

and our spectral sequence gives (K/τ)n(X,Z/m) = 0 for all n > 1.

The Kuznetsov component of a cubic 5-fold is defined by a semi-orthogonal
decomposition

Db
coh(X) = ⟨AX ,OX ,OX(1),OX(2),OX(3)⟩.

Its Hochschild homology looks like that of a genus-21 curve, although its
Serre functor does not (S3

AX
= [7]) and its Hochschild cohomology probably

does not either. We conclude by showing that its higher K-theory does look
like that of a curve, but the analysis of K0 is more delicate than it was for
3-folds and 4-folds.
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Proposition 5.1. If AX is the Kuznetsov category of a (smooth complex)
cubic 5-fold, then

Kn(AX) =


Z2 ⊕ IJ(X) if n = 0,

(Q/Z)2 ⊕Kn(X,Q) if n is odd and n ≥ 1, and

(Q/Z)42 ⊕Kn(X,Q) if n is even and n ≥ 2,

where IJ(X) is the intermediate Jacobian H3,2(X)/H5(X,Z), which is a
principally polarized Abelian 21-fold.

Proof. Fu and Tian [34] have also computed the Chow groups of X:

CH i(X) =



Z i=0,

Z i=1,

Z i=2,

Z⊕ IJ(X) i=3,

Z i=4,

Z i=5,

As in the proofs of Proposition 3.1 and Theorem 7(b), we have the filtration
by codimension of support

0 = F 6 ⊂ F 5 ⊂ F 4 ⊂ F 3 ⊂ F 2 ⊂ F 1 ⊂ F 0 = K0(X),

and a surjection
CH i(X) ↠ F i/F i+1 (22)

whose kernel is (i− 1)!-torsion by [35, Ex. 15.1.5 and 15.3.6]. Thus it is an
isomorphism except perhaps for i = 3, because CH3(X) has 2-torsion.

To show that it is also an isomorphism for i = 3, we use the motivic
spectral sequence

Ep,q
2 = Hp−q

mot (X,Z(−q)) =⇒ K−p−q(X).

On the diagonal p + q = 0 we find H2p
mot(X,Z(p)) = CHp(X) with no

differentials going out; the resulting filtration on K0(X) is the one above, so
the surjections (22) are isomorphisms if and only if the differentials coming
in are zero.

On the E2 page, the differential coming into H6
mot(X,Z(3)) = CH3(X)

comes from H3
mot(X,Z(2)). This differential is 2-torsion: it commutes with

the Adams operations ψk, which act on H6
mot(X,Z(3)) by multiplication by
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k3 and on H3
mot(X,Z(2)) by multiplication by k2; thus it is annihilated by

k3 − k2, and taking k = 2 and k = 3 we see that it is annihilated by both
4 and 18. Thus the differential descends to H3

mot(X,Z(2))/2, which injects
into H3

mot(X,Z/2(2)), which injects into H3
sing(X,Z/2) by the Beilinson–

Lichtenbaum conjecture, and this vanishes by the Lefschetz hyperplane
theorem. So the relevant differential on the E2 page vanishes as desired.

On the E3 page, the differential coming into H6
mot(X,Z(3)) comes from

H1
mot(X,Z(1)) = Γ(O∗

X) = C∗, and there are several ways to see that it van-
ishes. For one, the differential is 6-torsion (again using Adams operations)
and the source is a divisible group. For another, the pullback map from
K1(C) = C∗ to K1(X) is split by restriction to a point, so this C∗ must
survive to the end of the spectral sequence.

After this there are no more differentials coming into H6
mot(X,Z(3)).

Next we argue that the codimension filtration on K0 is split. The
inclusion of F 5 = Z in K0 is split by the Euler characteristic χ : K0(X) → Z.
The inclusion of F 4/F 5 = Z in K0/F

5 is split by χ(−⊗OH), where H ⊂ X
is a hyperplane section, because CH4 is generated by a line. The rest of the
filtration splits because the quotients are all Z. Thus

K0(X) = Z6 ⊕ IJ(X).

The remainder of the proof proceeds like the proofs of Proposition 3.1
and Theorem 7(b).

Projecting from a plane in the cubic 5-fold X yields a quadric surface
bundle over P3 that degenerates over a sextic surface with 31 nodes. It
would be interesting to· study the big resolution Ỹ of the double cover of
P3 branched over this sextic, which should carry a Brauer class α of order
2; we suspect that dimQL(Ỹ ) = 2 but dimQL(Ỹ , α) = 1.
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(335):xvi+289, 2011. Also arXiv:0806.1704.

[72] A. Perry. The integral Hodge conjecture for two-dimensional Calabi-
Yau categories. Compos. Math., 158(2):287–333, 2022. Also
arXiv:2004.03163.

[73] A. Perry, L. Pertusi, and X. Zhao. Moduli spaces of stable objects in
Enriques categories. Preprint, arXiv:2305.10702.

[74] A. Perry, L. Pertusi, and X. Zhao. Stability conditions and moduli
spaces for Kuznetsov components of Gushel-Mukai varieties. Geom.
Topol., 26(7):3055–3121, 2022. Also arXiv:1912.06935.

[75] D. Quillen. Higher algebraic K-theory. I. In Algebraic K-theory,
I: Higher K-theories (Proc. Conf., Battelle Memorial Inst., Seattle,
Wash., 1972), Lecture Notes in Math., Vol. 341, pages 85–147. Springer,
Berlin, 1973.

53

https://arxiv.org/abs/1606.06876
https://www.claymath.org/library/monographs/cmim02.pdf
https://www.claymath.org/library/monographs/cmim02.pdf
https://arxiv.org/abs/1805.12019
https://arxiv.org/abs/2309.10793
https://sites.math.rutgers.edu/~weibel/papers-dir/PW-C.varieties.pdf
https://sites.math.rutgers.edu/~weibel/papers-dir/PW-C.varieties.pdf
https://sites.math.rutgers.edu/~weibel/papers-dir/PW-surfaces
https://sites.math.rutgers.edu/~weibel/papers-dir/PW-surfaces
https://arxiv.org/abs/0806.1704
https://arxiv.org/abs/2004.03163
https://arxiv.org/abs/2305.10702
https://arxiv.org/abs/1912.06935


[76] M. Reid. The complete intersection of two or more quadrics. PhD thesis,
Cambridge, 1972. Available at homepages.warwick.ac.uk/~masda/

3folds/qu.pdf.

[77] J. V. Rennemo. The homological projective dual of Sym2 P(V ).
Compos. Math., 156(3):476–525, 2020. Also arXiv:1509.04107.

[78] M. Shen. On relations among 1-cycles on cubic hypersurfaces. J.
Algebraic Geom., 23(3):539–569, 2014. Also arXiv:1102.2550.

[79] P. Sosna. Some remarks on phantom categories and motives. Bull. Belg.
Math. Soc. Simon Stevin, 27(3):337–352, 2020. Also arXiv:1511.07711.
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